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Abstract 

In a sequence of two articles we propose to view the moduli stacks of global 25-shtukas as function 
field analogs for Shimura varieties. Here 25 is a paralioric Bruhat-Tits group scheme over a smooth 
projective curve, and global ©-shtukas are generalizations of Drinfcld shtukas and analogs of 
abelian varieties with additional structure. Our moduli stacks generalize various moduli spaces 
used by different authors to prove instances of the Langlands program over function fields. In the 
present article we explain the relation between global ©-shtukas and local P-shtukas, which are 
the function field analogs of p-divisible groups with additional structure. We prove the analog 
of a theorem of Serre and Tate stating the equivalence between the deformations of a global <3- 
shtuka and its associated local P-shtukas. We explain the relation of local P-shtukas with Galois 
representations through their Tate modules. And we prove the existence of Rapoport-Zink spaces 
for local P-shtukas as formal schemes locally formally of finite type. In the sequel to this article 
we use the Rapoport-Zink spaces to uniformize the moduli stacks of global (5-shtukas. 
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1 Introduction 

Let F q be a finite field with q elements, let C be a smooth projective geometrically irreducible curve 
over W q , and let be a parahoric Bruhat-Tits group scheme over C; see Definition 12, 121 A global <3- 
shtuka Q_ over an F g -scheme S is a tuple {Q, s\ , . . . , s n , r) consisting of a (3-torsor Q over := Cx Vq S, 
an n-tuple of (characteristic) sections (s\, . . . ,s n ) € C n (S) and a Frobenius connection r defined 
outside the graph of the sections Sj's, that is, an isomorphism r: (T*Q\c s ^Uir 3 . G\c s ^Uir s . where 
a* = ( id c xF rob 9 ,g)*. 

In |AH13j we will show that the moduli stack V n ,^ 1 (C, ®) of global (8-shtukas, after imposing 
suitable boundedness conditions and level structures, is an algebraic Deligne-Mumford stack over C n . 
Spelling out the Riemann-Hilbert correspondence for function fields, together with the tannakian 
philosophy, one sees that V n ^ 1 (C, (S) may play the same role that Shimura varieties play for 
number fields. More specifically one can hope that the Langlands correspondence for function fields 
is realized on its cohomology. Note that in particular this moduli stack generalizes the space of 
-F-sheaves FShn, r which was considered by Drinfeld |Dri87j and Lafforgue [|LafQ2] in their proof of 
the Langlands correspondence for <3 = GL2 (resp. & = GL r ), and which in turn was generalized by 
Varshavsky's [Var04| moduli stacks FBun. It likewise generalizes the moduli stacks Cht\ of Ngo and 
Ngo Dac |NN08| . £iic,Si,i °f Laumon, Rapoport and Stuhler [LRS93], and Ab-Sh'^f of the second 
author }Har05j ; see [AH131 Remark 3.16]. On the other hand this analogy can be viewed as an 
attempt to build a bridge between the geometric Langlands program and the arithmetic Langlands 
program, where the role of global (5-shtukas is played by abelian varieties (together with additional 
structures), respectively D-modules. 

In |AH13j we also prove that V n ,^ 1 (C, &) has a Rapoport-Zink uniformization by Rapoport- 
Zink spaces for local P-shtukas, where P is a parahoric group scheme. More precisely, let A u = F„[£] 
be the completion of the local ring Oc,u at a closed point v G C, let Q v be its fraction field, and 
let P = P„ := & Xq Spec^4 v and P v = & xp SpecQ u . A local ¥ u -shtuka over a scheme S € Milp^ v 
is a pair C = (£+,f) consisting of an L + P I/ -torsor £ + on S and an isomorphism of the LP^-torsors 
f : a* £ C. Here LP U (resp. L + F u ) denotes the group of loops (resp. positive loops) of P„ (see 
Section I2.ip . C denotes the LP„-torsor associated with jC + and a* C the pullback of C under the 
absolute F^-Frobenius endomorphism Frob(#F J/ ),s : S — > S. Moreover, J\filp Av denotes the category 
of ^-schemes on which the uniformizer £ of A v is locally nilpotent. Local Pjy-shtukas can be viewed 
as function field analogs of p-divisible groups; see also |HV11[ |HV12| . 

As a preparation to |AH13| we show in this article that the Rapoport-Zink functor 

Ml q : -A/^PfclC] — > Sets 

S 1 — > {isomorphism classes of (£, 5) : where C is a local P^-shtuka 
over S and 5 : — > L § is a quasi- isogeny over S } , 

for a fixed local P^-shtuka L over a field k, and S = V(C) C S, is representable by an ind-scheme, 
ind-quasi-projective over Spf &[[£]]; see Theorem I4.4L To obtain a formal scheme locally formally of 
finite type, as in the analog for p-divisible groups, one has to bound the Hodge polygon, that is the 
relative position of <r*£ + and £ + under f . We give an axiomatic treatment of bounds in Section T4. 21 
and prove the representability of the bounded Rapoport-Zink functor by a formal scheme locally 
formally of finite type over Spf /c[C] in Theorem 14.131 

In addition, in Chapter [3] we discuss the relation between local P-shtukas and Galois represen- 
tations which is given by the associated Tate module. In Chapter [5] we consider the formal stack 
V n J^ 5l (C, &)—, which is obtained by taking the formal completion of the stack V n ^ e ' 1 (C, 0) at a 
fixed n-tuple of pairwise different characteristic places v_ = (yi, . . . , v n ). This means we let Ay_ be 
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the completion of the local ring Oc n ,u, and we consider global 0-shtukas only over schemes 5 whose 
characteristic morphism S — > C n factors through Milp^ ■ Recall that with an abelian variety over 
a scheme in Afilp% p one can associate its p-divisible group. In the analogous situation for global 

0-shtukas one can associate a tuple (T Ui (Q_))i of local P^-shtukas T Ui (Q) with a global 65-shtuka Q_ 
in V nJif 1 (C , &)-(S) . We construct this global-local functor in Section [5.21 by first generalizing the 
glueing lemma of Beauville and Laszlo |BL95j in Lemma [5.11 In analogy with a theorem of Serre and 
Tate relating the deformation theory of abelian varieties over schemes in Nilpi p and their associated 
p-divisible groups, we prove in Theorem 15.101 the equivalence between the infinitesimal deformations 
of a global 0-shtuka and the infinitesimal deformations of its associated n-tuple of local P^-shtukas. 
Note that unlike abelian varieties, 0-shtukas posses more than one characteristic and we must keep 
track of the deformations of the local P^-shtukas at each of these characteristic places fj. This 
theorem for abelian r-sheaves (corresponding to the case U5 = GL r ) and their associated z-divisible 
groups was first stated and proved by the second author in |Har05j . 

1.1 Notation and Conventions 

Throughout this article we denote by 

Fg a finite field with q elements and characteristic p, 

C a smooth projective geometrically irreducible curve over F g , 

Q := ¥ q (C) the function field of C, 

v a closed point of C, also called a place of C, 

¥ u the residue field at the place v on C, 

A v the completion of the stalk Oc,u at v, 

Q v := Prac(^4 !/ ) its fraction field, 

F a finite field containing ¥ q , 

H>r := SpecRjz]] the spectrum of the ring of formal power series in z with coefficients in an 
F-algebra R, 

Br := Spf R{zJ the formal spectrum of R{z\ with respect to the z-adic topology. 

When R = F we drop the subscript R from the notation of and Br. 

For a formal scheme S we denote by Milp^ the category of schemes over S on which an ideal of 
definition of S is locally nilpotent. We equip Nilpg with the etale topology. We also denote by 

n G N>o a positive integer, 

H '■= (vi)i=i... n an n-tuple of closed points of C, 

A y the completion of the local ring Oc n ,u of C n at the closed point v_ = (Vj), 

NilpA v := NilpspfAv the category of schemes over C n on which the ideal defining the closed point 
v_ € C n is locally nilpotent, 

Nilpmn := Milp^ the category of D-schemes S for which the image of z in Os is locally nilpotent. 

We denote the image of z by £ since we need to distinguish it from z S Ojj>. 

& a parahoric Bruhat-Tits group scheme over C ; see Definition 12.121 

P„ := © Xc* Spec Ay the base change of & to Spec A,, 

P u := Xc SpecQ^ the generic fiber of ¥ u over SpecQ^, 

P a smooth affine group scheme of finite type over D = SpecFjz], 

P := P xu SpecF((z)) the generic fiber of P over SpecF((z)). 
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Let S be an Fg-scheme. We denote by as : S — > S its F g -Frobenius endomorphism which acts as 
the identity on the points of S and as the g-power map on the structure sheaf. Likewise we let 
as - S — > 5 be the F-Frobenius endomorphism of an F-scheme S. We set 

C s := C XspccF, S, and 
a := idc xas- 

Let H be a sheaf of groups (for the etale topology) on a scheme X. In this article a {right) 
H-torsor (also called an H-bundle) on X is a sheaf Q for the etale topology on X together with a 
(right) action of the sheaf H such that Q is isomorphic to H on a etale covering of X. Here H is 
viewed as an ff-torsor by right multiplication. 

2 Local P-Shtukas and Global 0-Shtukas 

Global (5-shtukas are function field analogs of abelian varieties. They were introduced by Drin- 
fcld [Dri87j in the case where = GL r and used by him and by Lafforgue [Laf02] to establish 
the Langlands correspondence for GL r over global function fields. We generalize Drinfeld's defi- 
nition in Definition 12.141 The local p-adic properties of abelian varieties are largely captured by 
their associated p-divisible groups. In the theory of global (5-shtukas the latter correspond to local 
shtukas. 

2.1 Loop Groups and Local P-Shtukas 

Since we want to develop the theory of local P-shtukas partly independently of global ©-shtukas we 
let F be a finite field and Fjjz] be the power series ring over F in the variable z. We let P be a 
smooth affine group scheme over B := SpecFfz], and we let P := P Xd B be the generic fiber of P 
over B := SpecF((z)). 

Definition 2.1. The group of positive loops associated with P is the infinite dimensional affine group 
scheme L + P over F whose -R-valued points for an F-algebra R are 

L+P(i?) := F(R[zj) := P(B R ) := Hom D (B /? ,P) . 

The group of loops associated with P is the fpqc-she&i of groups LP over F whose ii-valued points 
for an F-algebra R are 

LP(R) := P(R((z))) := P(B R ) := Hom^(B R ,P) , 

where we write R({z)) := Rlzj[±\ and Br := Spec R({z)). Let ^(SpecF, L+P) := [SpecF/L+P] 
(resp. (Spec F, LP) := [SpecF/LP]) denote the classifying space of L + P-torsors (resp. LP- 
torsors). It is a stack fibered in groupoids over the category of F-schemes S whose category 
t ^ 1 (SpecF, L + P)(S) consists of all L + P-torsors (resp. LP-torsors) on S. The inclusion of sheaves 
L + P C LP gives rise to the natural 1-morphism 

L: ^(SpecF.L+P) — ► ^T 1 (Spec F, LP), £+ H. C. (2.1) 

Definition 2.2. Let P be the formal group scheme over B := SpfFfz], obtained by the formal 
completion of P along V(z). A formal P-torsor over an F-scheme S is a z-adic formal scheme V over 
B5 := B Xp S together with an action P x ^ V — > V of P on V such that there is a covering B5" — > H>s 
where S' — > S is an /pgc-covering and a P-equivariant isomorphism 



2 LOCAL P-SHTUKAS AND GLOBAL &-SHTUKAS 



5 



Here P acts on itself by right multiplication. Let Jif 1 (B, P) be the category fibered in groupoids that 
assigns to each F-scheme S the groupoid consisting of all formal P-torsors over B5. 

Remark 2.3. For any V in ^ 1 (]D),P)(Speci?) one can find an etale covering R — > R' such that 
V B^j/ is isomorphic to Pr/ in J# yl (IS),P)(R'). Indeed, since V —¥ B p is smooth, the restriction 

Vo of V to V(z) C B p is likewise smooth over R. Therefore Vq has a section over an etale covering 
R — > i?' . Then by smoothness this section extends over B/j. 

In [HV1H Proposition 2.2. (a)] Viehmann and the second author proved that for a split reductive 
group G, there is a bijection of (pointed) sets between the Cech cohomology H (Sf pqc , L + G) and the 
set of isomorphism classes of z-adic formal schemes over Bg. By the same arguments one can even 
see that there is a canonical equivalence between the corresponding categories. 

Proposition 2.4. There is a natural isomorphism 

of groupoids. In particular all L + P-torsors for the fpqc -topology on S are already trivial etale locally 
on S. 

Proof. With a given element V of ^ 1 (B, P)(5) one can associate the following sheaf 

/C: Sfpqc — ^ Sets 

T 1— ► Rom As (B T ,V), 

where Sf pqc denotes the big fpqc-site on S. This sheaf is a torsor under the action of L + P(T) = 
Hom d (B T ,P). 

Conversely let /C be an L + P-torsor. Let S' — s> S be a covering that trivializes K, and fix a trivializa- 
tion Ks> (-^ + P)s'. This gives a 1-cocycle 5 e L+P(S"), where 5"' = 5" x s S'. Now 5 = 5 (moc2 z n ) 
can be viewed as a descent data on PxjjByjg/ = P Xp B n 5' where B nj £/ := SpecF[2:]]/(.z n ) Xp 
Since H n s> ^n,s is an /p^c-covering and P is affine, the descent data is effective by [BLR901 
§6.1, Theorem 6] and gives an affine finitely presented smooth scheme Q n over B nj s by |EGA^ IV2, 
Proposition 2.7.1 and IV4, Corollaire 17.7.3]. These schemes form an inductive system {Gn}neN- 
Now set Q := lim£/ n , the existence of this limit (in the category of z-adic formal schemes over B5) 

follows from [EGA! I neW ; Corollary 10.6.4]. This shows that the functor is essentially surjective. By 
the above construction we see that the functor is also fully faithful. 

The last statement now follows from Remark 12.31 □ 

Definition 2.5. Assume that we have two morphisms f,g: X — > Y of schemes or stacks. We denote 
by equi(/, g: X Y) the pull back of the diagonal under the morphism (f,g): X — » Y x%Y , that 
is, we let equi(/, g: X z4 Y) := X X(f, g ),YxY,A Y where A = A Y /z'- Y — >■ Y Y is the diagonal 
morphism. 

We define the space of local P-shtukas as follows. 

Definition 2.6. Let X be the fiber product 

^(SpecF.L+P) x^ 1(SpecFjiP) ^(SpecF^+P) 

of groupoids. Let pr{ denote the projection onto the i-th factor. We define the groupoid of local 
P-shtukas Sht^ to be 

Sht^ ■= equi(ffojwi,pr 2 : X =t JT^SpecF, L+P)) x SpC cF Spf F[CJ. 
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(see Definition [23]) where a := <5"jf i(s P ecF,£+P) is the F-Frobenius of J^ ?1 (SpecF, L + P). The category 
S/iip is fibered in groupoids over the category J\filp F ^Q of F[£] -schemes on which ( is locally nilpotent. 
We call an object of the category Sht^(S) a local P-shtuka over S. 

More explicitly a local P-shtuka over S G Afilp-p^Q is a pair £ = (£+, f) consisting of an L + P-torsor 
£ + on S and an isomorphism of the associated loop group torsors f: a* £ —> C from (|2,ll) . 

Definition 2.7. A local P-shtuka (£_|_,f) is called eta/e if f comes from an isomorphism of L + P- 
torsors <r*£ + £ + . 

Lemma 2.8. Lei 6e an algebraically closed field extension o/F. Then for any b G L + P(/c) £/iere 
exists some c G L + P(fe) suc/i i/iai &<r*(c) = c. 

Proo/. Let P be as in Definition E2J Then L+P(fc) = P(A;|[^]). We view P as the inductive limit 
limP n , where P„ = P xd D„ with D„ := SpecF[z]/(z n ). Let G n denote the linear algebraic group 

over F given by the Weil restriction Resj]) n/ /gp ec ip(P ri ). The reduction of b mod z n gives an element 
b n G G n {k). By Lang's theorem [Lan56[ Corollary on p. 557] there exist a c n G G n (k) such that 
b n a*(c n ) = c n . Here a is the F-Frobenius on G n which coincides with the Frobenius a induced from 
P. Now consider the reduction map a n : G n+ i(k) — > G n {k) and the element d n := a n {c n+ i)~ l c n 
which satisfies &*(d n ) = d n and hence lies in G n (¥) = P(D n +i). Since P is smooth d n lifts to an 
element d n G P(D n+ i) = G n+ i(F). Replacing c n+ \ by c n+ id n we may assume that ct n {c n -\.\) — c n 
and then take c := limc n . □ 

Corollary 2.9. Every etale local P-shtuka over an algebraically closed field k is isomorphic to 
((L+P) k , !■&*). 

Proof. Let £ = (£+, f) be an etale local P-shtuka over k. By Proposition 12.41 there is a trivialization 
of the L + P-torsor £ + giving rise to an isomorphism £ = ((L + P)fc, b ■ <r*) for some b G P + P(A;). 
By Lemma 12.81 there is an element c G L + P{k) with ba*(c) = c and multiplication with c is an 
isomorphism ((L + P) k , 1-a*) ^ ((L + P) k ,b-a*) . □ 

Local P-shtukas can be viewed as function field analogs of p-divisible groups. This inspires the 
following notions of quasi- isogenies. 

Definition 2.10. A quasi-isogeny f ■ C £' between two local P-shtukas £ := (£+,f) and £' := 
(£'+, t ') over S is an isomorphism of the associated LP-torsors / : £ — ¥ £' satisfying / of = t' o <x*/. 
We denote by QIsog s (£, £') the set of quasi-isogenies between £ and £' over S, and we write 
QIsog s (£) := QIsog5(£, £) for the quasi-isogeny group of £. 

As in the theory of p-divisible groups, also our quasi-isogenies are rigid. 

Proposition 2.11 (Rigidity of quasi-isogenies for local P-shtukas). Let S be a scheme in N'ilpwj 
and let j : S — > S be a closed immersion defined by a sheaf of ideals I which is locally nilpotent. Let 
£ and £/ be two local P-shtukas over S. Then 

QIsog s (£, £') — > QIsog 5 (i*£, f£f), f ^ ff 

is a bijection of sets. 



Proof. This was proved in [HV111 Proposition 3.9] when P = G xp D for a constant split reductive 
group G over F. The proof carries over literally. Compare also Proposition 15. 91 □ 
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2.2 Global 0-Shtukas 

Let F q be a finite field with q elements, let G be a smooth projective geometrically irreducible curve 
over F q , and let & be a parahoric group scheme over G as in the following 

Definition 2.12. A smooth affine group scheme (5 over G is called a parahoric (Bruhat-Tits) group 
scheme if 

(a) all geometric fibers of (5 are connected and the generic fiber of © is reductive over F 9 (C), 

(b) for any ramification point v of (i.e. those points v of C, for which the fiber above v is not 
reductive) the group scheme F u := 8 Xp Spec^^ is a parahoric group scheme over A u , as 
defined by Bruhat and Tits [BT721 Definition 5.2.6]; see also |HR03j . 

The relation to Section [2.11 is as follows. We are mainly interested in the case where F[z] = A v and 
P = F u . 

Proposition 2.13. Let ¥ be a parahoric group scheme over D = SpecFjzJ in the sense of \BT72 , 
Definition 5.2.6] and \HR.03\j . 

(a) There is a faithful representation P SL^p over B with quasi- affine quotient SL r ^ /F, 

(b) If all fibers of ¥ over D are reductive then there exists a closed immersion of group schemes 
P <^-» SL rj iD) with affine quotient SL^p /P. 

Proof. Pappas and Rapoport [PR081 Proposition 1.3] show that there is a closed immersion P 

jj Xjj Gm,D — ■ G with quasi-affine quotient G/P. We choose a closed immersion G c — y SL r ' u and 
use that the property of being (quasi-) affine is fpqc-loc&l on the base by |EGA1 Proposition 2.7.1]. 
Then SL r / p JG is affine by Haboush's theorem |Hab78[ Theorem 3.3]. Also the morphism SIv jj /P — > 
SL^p /G is quasi-affine because after base change to SL^p it equals the projection (G/P) XpSIv^ — >• 
SL^p. This proves |(a)| 

By [EGA! II, Proposition 5.1.2] the question whether a quasi-affine morphism is affine can be 
tested fiber-wise. So |(b)| follows from Haboush's theorem |Hab78l Theorem 3.3] again. □ 

Definition 2.14. A global 0-shtuka Q_ over an F^-scheme S is a tuple (Q, s\, . . . , s n , r) where 

Q is a ©-torsor Q over G5, 

Si, . . . , s n £ C(S) are F g -morphisms called the characteristic sections of Q_, and 

t: a*Q\„ „ £?i„ „ is an isomorphism of (5-torsors. Here IY C Gc denotes 

the graph of the morphisms Sj. 

Here <r = idc x erg for the Fg-Frobenius endomorphism a$'- S — > S 1 which acts as the identity on 
the points of 5 and as the (/-power map on the structure sheaf. We denote the moduli stack of 
global (5-shtukas by V n J^' 1 (G, <8). It is a stack fibered in groupoids over the category of F g -schemes. 
Sometimes we will fix the sections (si, . . . , s n ) £ C n (S) and simply call Q_ = (Q, r) a global (5-shtuka 
over S. 

Although the definition of global ©-shtuka makes sense also if (5 is just a smooth affine group 
scheme over G, we require that (5 is parahoric in [AH131 Theorem 3.14] where we prove the following 

Theorem 2.15. The stack V n J4?p(C,(5) is an ind-algebraic stack (in the sense of IAH13[ Defini- 
tion 3.13]) over C n which is ind-separated and locally of ind-finite type. 
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There is also a notion of quasi- isogenies for global (5-shtukas. 

Definition 2.16. Consider a scheme S together with characteristic morphisms Sj: S — > C for 
i = 1, . . . ,n and let Q_ = {G,t) and Q[ = (Q',t') be two global (5-shtukas over S with the same 
characteristics Sj. A quasi-isogeny from ^ to & is an isomorphism /: Q\c s ^D s Q'\c s ^D s satis- 
fying r'a*(f) = /t, where D is some effective divisor on C. We denote the group of quasi-isogenies 
of Q_ to itself by QIsog5(0. 

Like for abelian varieties, rigidity of global (5-shtukas only holds in fixed finite characteristics; 
see Proposition 15.91 

3 Tate Modules for Local P- Shtukas 

In this chapter we assume that P is a smooth affine group scheme over D. For a scheme S E MilpnQ 
let OsIXI be the sheaf of Os-algebras on S for the /pgc-topology whose ring of sections on an S- 
scheme Y is the ring of power series := T(Y, Oy)lz}. Let Os{(z)) be the fpqc-sheaf of 

Os-algebras on S associated with the presheaf Y i-> T(Y, Oy){z}[^]. A sheaf M of Osl^l -modules 
on S which is free fpqc-loc&lly on S is already free Zariski-locally on S by [HVlll Proposition 2.3]. 
We call those modules locally free sheaves of O s\z\-modules. We denote by a* the endomorphism of 
0s [z]] and Os({z)) that acts as the identity on the variable z, and is the F-Frobenius b i— > (6)* F on 
local sections b E Os- For a sheaf M of OsI-zJ -modules on S we set a*M := M <S>Oshl,z* ^sW- 

Definition 3.1. (a) A local shtuka over S is a pair (M, f) where M is a locally free sheaf of 
0s|z] -modules of finite rank on S and f: a*M <S>e> s j z ] Os((z)) M <8>o s [ z ] @s(( z )) is an 
isomorphism. 

(b) A local shtuka M := (M, f) is called etale if f comes from an isomorphism of OsM -modules 
a*M M. 

(c) A morphism f : (M, f) — > (M' , f) of local shtukas over S is a morphism / : M — > M' of OsJzJ- 
modules which satisfies f' o a* f = /of. We do not require that / is an isomorphism. We 
denote by Shto(S) the category of local shtukas over S. 

Remark 3.2. There is an equivalence of categories between J^f 1 (Spec¥, L + GL r )(S) and the cat- 
egory of locally free sheaves of 0s [zj -modules of rank r; see |HV1H §4]. It induces an equivalence 
between the category of local GL r -shtukas over S and the category consisting of local shtukas over 
S of rank r with isomorphisms as the only morphisms; see [HV1H Lemma 4.2]. 

Definition 3.3. A quasi-isogeny between two local shtukas (M, f) —¥ (M',f) is an isomorphism of 
@s{(z)) -modules 

/: M ® 0sW O s ((z)) ^ M' ® 0sM O s {(z)) 

with f o <t*/ = / o f . 

In analogy with p-divisible groups and abelian varieties, one can also assign a Galois repre- 
sentation to a given local shtuka as follows. Assume that S is connected. Let s be a geometric 
point of S and let vri(5, s) denote the algebraic fundamental group of S at s. We define the (dual) 
Tate functor from the category of local shtukas Shto(S) over S to the category ^OTod^Mu-^s)] of 
¥^zj [tti(S, s)]-modules which are finite free over F[zJ as follows 

T_: Shto(S) — > S*9Jtod F [ 2 .j[ 7ri (s i s)], 
M:=(M,f) .— ► %:=(M® 0sMK ( S -)H) f . 
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Here the superscript f denotes f -invariants. Sometimes also the notation H^QVf, WfzJ) := Tm is 
used. Inverting z we also consider the rational (dual) Tate functor 

VI: Sht (S) — > SWlodf^y^s^, 

M := (M, f) .— > V M := (M ® 0sM K(s){zjY ® m F((z)). 

where SSftodw^u^As- g)] denotes the category of F((z))[7ri(5, s)]-modules which are finite over F((z)). 
The functor V— transforms quasi-isogenies into isomorphisms. 

Proposition 3.4. Let S € Nilpm^j be connected. Then the functor T_ is an equivalence between 
the category of etale local shtukas over S and the category JQfto^FJz] [71-1 (s,s)]- ^ e functor V— is an 
equivalence between the category of etale local shtukas over S with quasi-isogenies as morphisms and 
the category d^od^^^^^g^)] with isomorphisms as the only morphisms. 

Proof. The statement for T_ follows from the argument in [Harlll Proposition 1.3.7]. It is analogous 
to |Kat731 Proposition 4.1.1] and can be thought of as a positive characteristic analog of the Riemann- 
Hilbert correspondence. The quasi-inverse functor is explicitly constructed as follows. Consider an 
F[zfl [iti(S, s)]-module of rank r and the corresponding representation it: ni(S,s) — > GL r (F[zJ). For 
each m £ N let S m — > S be the finite Galois covering corresponding to the kernel of tti(S, s) — > 
GL r (F[zJ) modzm } GL r (¥{zl/(z m )). Let M m be the free module of rank r over Os m \z\/{z m ) = 
Cs m ®F F[[z]]/(2; m ) and equip it with the Frobenius f := a ® id and the action of 7 G Gal(S m / S) 
by 7(6 ® /) = 7*(6) vr( 7 - 1 )(/) for b € Sm and / € W{z\/{z m )® r . Then M m descends to a locally 
free 0s[z]]/(,z m )-module M m of rank r and f descends to an isomorphism f : a*M m J ^ M m . This 
makes M := limM m into an etale local shtuka over S and yields the quasi-inverse to TL. 

That V- is essentially surjective follows from the fact that tti(S, s) is compact which implies that 
every ¥((z))[tti(S, s)]-module arises from an F[z]] [vri(5, s)]-module by inverting z. To see that V- 
is fully faithful consider two local shtukas M and M' over S and an isomorphism /: Vm Vm'- 
There are powers z N and z N ' of z such that z N f and z N ' f~ l come from morphisms Tm —> Tm 1 
respectively Tj^i — > Tm ■ Under the equivalence T_ these in turn come from morphisms g: M — >• M ' 
and g' : M' — > M. Then gg' = z N+N and this implies that g and g' are quasi-isogenies. Clearly 
V z -N g = f and V z -N' g/ = f ■ This proves that V- is an equivalence of categories. □ 

Let Vectjs be the groupoid over Milpn^j whose S'-valued points is the category of locally free 
sheaves of Csd-z] -modules with isomorphisms as the only morphisms. Let Rep F | 2 j P be the category 
of representations p: ¥ — > GL(V) of P in finite free FjzJ -modules V, that is, p is a morphism of 
algebraic groups over F[^J. Any such representation p gives a functor 

p*: ^(SpecF^+P) Vect 

which sends an L + P-torsor C + to the sheaf of 0s [z]] -modules associated with the following presheaf 

Y .— > (C+(Y) x (V® m Oslz](Y)))/L+F(Y). (3.1) 

The functor : J^ ll (SpecF, L + P) — > Vecto induces a functor from the category of local P-shtukas 
to the category of local shtukas which we likewise denote p*. This functor is also compatible with 
quasi-isogenies. 
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Definition 3.5. Let Fund® (Rep FM F^Wlod^^s^), resp. Fund® (Rep F [ zJ P, tfOttodj^))^^)]), 
denote the category whose objects are tensor functors from Rep F [j 2 j P to #9HorfF[z][7ri(s,s)]> respec- 
tively to 5'9^orfF((2))[7ri(5,s)]) an d whose morphisms are isomorphisms of functors. We define the (dual) 
Tate functor 71, respectively the rational (dual) Tate functor V_ as the functors 

71: S h4(S) — ► Fnnct®(Rep FW P, ^od FWKl(5iI)] ) 

V-: Sht®(S) — > Funct®(Rep nz jF, &Modw(Lz))[iri{S,s)]) 
C i — > Vc: p i-> V^,£. 

If £ is an etale local P-shtuka then the composition of the tensor functor Tc followed by the forget- 
ful functor F : '5yRod^ z ^ 1 {s,s)] — > #3fto^F[[z]] is isomorphic to the forgetful fiber functor oj° : Rep F j 2 j P — > 
3"S0Tod F | 2 j by Corollary 12.91 Indeed, the base change £^ of £ to s = SpecK(s) is isomorphic to 
Lq := ((L + P)j, 1-a*) and the functor F o 7l is isomorphic to w°. Consider the full subcategory 
Fund®(Rep v[z jF, SWlod^j^s^) of Fund® (Rep F [ 2 j P, ^Ottod^^^)]) consisting of those ten- 
sor functors J- for which F o T = uo° . Then Proposition 13.41 generalizes as follows. 

Proposition 3.6. Let S £ ftfilpf^Q be connected. Then the functor 71 is an equivalence between the 
category of etale local F-shtukas over S and the category Fund® (Rep F j 2 j| P, #9JTo£%[. 2 ]][ 7ri (,g ) s)]). TTie 
functor V_ /rom i/ie category of etale /ocaZ F-shtukas over S with quasi-isogenies as morphisms to 
the category Fund® (Rep F | 2 j P, S'97lodF((«))[7ri(5,s)]) is fully faithful. 

Proof. To construct the functor which is quasi-inverse to 71 we fix a tensor functor T in 
Fund® (Rep F |j,j P, d^od ¥ i z j[ 7T1 ^s,s)]) an d an isomorphism F o T = w°. Since P = Aut®(aj°) by 
[Wed041 Corollary 5.20] and tti(S, s) acts as automorphisms of the fiber functor Fo J 7 , the functor T 
corresponds to a representation ir: tti(S, s) — s> P(F[^]). For each m € N we let S m — > <S be the finite 
etale Galois covering corresponding to the kernel of tti(S,s) — P(F|[z]]) modz — y P m (F|z]/(z m )) 
where F m := P x D Spec¥lz]/(z m ). Let £ m be the trivial P m -torsor over S m x F SpecF[z]]/(z m ) and 
equip it with the Frobenius f := id: <r*£/ m £/ m . Via the action of Gal(5 m /5) through 7r on £/ m 
the latter descends to a P m -torsor £? m over S 1 x F SpecF[z]/(z m ) and f descends to an isomorphism 
t. o~*Q m — > £/ m . This makes <j := \\mQ m into a formal P-torsor over S together with an isomorphism 

f: a*Q ■ s=L -> Q] see Definition 12.21 By Proposition 12.41 it corresponds to an L + P-torsor C + together 
with an isomorphism f: a* £ + £ + , that is, to the etale local P-shtuka £ = (£+,f). It satisfies 
Tc — T and this yields the quasi-inverse to 71. 

To prove that V_ is fully faithful let C = (£+,f) and £' = (£' + ,f) be two etale local P-shtukas 
over S and let 5: Vc Vc' t> e an isomorphism of tensor functors. We consider the following functor 

: jr 1 (SpecF,L+P)(S) -> F«nci®(Rep FW P, £Dlod 0sW ), 

which sends an L + P-torsor £ + to the tensor functor mapping the representation p to the O5J2;]]- 
module p*C + from (|3.ip . By Proposition l3.4l the isomorphism <5| p between Vc(p) — ^p»£ an d Vc'(p) = 
V Pm C comes from a quasi-isogeny between p*£ = (Mc + (p), p*f) and = (Mc> + (p), P*t') . There- 
fore the isomorphism 5 induces an isomorphism M.c + ®e> s [z] @s(( z )) -Mc' + ®o s [2] ®s ((%))• Take 
an etale cover S' — > 5 trivializing £ + and and fix trivializations £+ = (L + P)g/ = C' + . Then we 
have 

Isom®(jW (£+)s/ ® Os/W 5 K(4,% + ) s ,^W^((4) = Aut®(a> o )(0 S '((*))) = LP(S'), 
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because A?(l+p) s , = w° ®f[z] ^MO 2 )) and P = Aut®(o;°) by jWed04l Corollary 5.20]. Therefore 
the isomorphism 5 gives an isomorphism fag/: (LP)s' — > (LP)g>. The morphism fog/ inherits the 
descent datum coming from the fact that 5 is defined over S, and hence it defines an isomorphism 
h: C —— ^ where £ and £ denote the LP-torsors associated with £ + and C' + . One easily checks 
that h satisfies f' o a*h = ho f and gives a quasi-isogeny h : C — > □ 

Remark 3.7. If P(F[z]]) C P(¥((z))) is not a maximal compact subgroup the functor V_ does not 
need to be an equivalence, not even onto the category of those tensor functors T: Reppj^j P — > 
^S^odwr z \\\ ni fs s)] for which F o T = u° <X>f[ z ] ¥((z)). For example let P be the Iwahori subgroup 
of GL 2 , that is, P(F[>]|) = {A £ GL 2 (F|zJ): A = (**)modz}. Let x be transcendental over 
F and let S = SpecF(x). Set G := Gal(F(x) sep /F(x)) = tt\{S,s) and consider a representation 
7r: G — > GL2(F[zJ) such that the residual representation If: G — > GL2(F) is irreducible. Then 
7r(G) (t P(F[z]) and hence the tensor functor T : Rcp F j 2 j P — > 59^odp(( z ))[G] given by p 1 — > [G — > 

GL 2 (F[z]|) ^ P(F((z))) A GL(w°(p)) (F((z)))] cannot come from a local P-shtuka over F(s). 

Note that such a representation 7r exists. For example if (p: ¥ q \t] —> EndG aj p( x ) is a Drinfeld- 
F 9 [t]-module of rank 2 over ¥(x) without potential complex multiplication, then for almost all primes 
v of ¥ g [t] the Galois representation iT VtU : G — > GL2(A U ) on the i/-adic Tate module of 9? has this 
property by [PT06^ Theorem A] or [PR09I Theorem 0.1]. For a concrete example let (ft = 1 — xt + t 2 
and v = (t). Then <p[t] = {y G F(x) sep : y q2 - xy q + y = 0}. If q = 2 it is easy to see that 
y 3 — xy + 1 is irreducible in F(x)[y] and has splitting field of degree 6 over ¥(x). This implies that 
W v if\{G) = GL2(F2). The reason for the failure of V_ to be an equivalence of course lies in the 
fact that the Drinfeld-module ip does not carry a level structure over ¥(x) whereas any etale local 
P-shtuka for the above Iwahori group P carries a Fo(^)-level structure. 



4 The Rapoport-Zink Spaces for Local P-Shtukas 

Rapoport and Zink constructed a moduli space for p-divisible groups together with a quasi-isogeny 
to a fixed one (and with some extra structure such as a polarization, endomorphisms, or a level 
structure). They proved that this moduli space is pro-representable by a formal scheme locally 
formally of finite type over Z p . 

In this chapter we assume that P is a parahoric group scheme over B in the sense of [BT72|, 
Definition 5.2.6] and |HR03| . We already mentioned that local P-shtukas behave analogously to p- 
divisible groups. It turns out that this analogy is not perfect, unless we restrict to "bounded" local 
P-shtukas as the analogous objects corresponding to p-divisible groups. More precisely we bound 
the Hodge polygon of a local P-shtuka (£+,f), that is, the relative position of cr*£ + and C+ under 
the isomorphism f. We will show that Rapoport-Zink spaces for bounded local P-shtukas are formal 
schemes locally formally of finite type over Spf ¥\Q\. When P is constant, i.e. P := Go Xp D for a 
reductive group Go over F this was proved in [HVllt Theorem 6.3]. In the non-constant case for 
a parahoric group P over ID we will give an axiomatic definition of the boundedness condition in 
Section 14.21 We start with the unbounded situation. 

4.1 Unbounded Rapoport-Zink Spaces 

For a scheme S in Milp^Q let S denote the closed subscheme Vg(C) C S. On the other hand for a 
scheme T over F we set T :=T xg pec ]f Spf F[£]. Then T is a C,-a,d\c formal scheme with underlying 
topological space T = Vf(C)- 
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Definition 4.1. With a given local P-shtuka £ over an F-scheme T we associate the functor 

Sets 

| Isomorphism classes of (£, 5) : where C is a local P-shtuka 
over S and 5: Cg — > £ ^ is a quasi- isogeny over 5}. 

Here we say that (C,5) and (C',8') are isomorphic if <5 _1 o 5' lifts to an isomorphism £/ — > C. 
The group QIsogy(£ ) of quasi- isogenies of C acts on the functor M.c v ^ a 9'- ^ ° 

for g € QIsogj.(Xg). We will show that M.c 1S representable by an ind-scheme which we call an 
unbounded Rapoport-Zink space for local F-shtukas. 

Remark 4.2. Note that by rigidity of quasi-isogenies (Proposition ^. 11|) the functor M_c ls naturally 
isomorphic to the functor 

5 i — y {isomorphism classes of (£, 5) : where £ is a local P-shtuka 
over S and 5 : C s — > £ s is a quasi- isogeny over S 1 }. 

This also shows that idc is the only automorphism of (£, 5) , and for this reason we do not need to 
consider M r as a stack. 

±£0 

Remark 4.3. In order to show that Aic is representable by an ind-scheme we recall the definition 
of the affine flag variety Tip. It is defined to be the fpqc-she&i associated with the presheaf 

R i— > LP{R)/L + F{R) = P (R((z))) /¥ (R{zJ) 

on the category of F-algebras. Pappas and Rapoport |PR08t Theorem 1.4] show that Tip is rep- 
resented by an ind-scheme which is ind-quasi-projective over F, and hence ind-separated and of 
ind-finite type over F. Moreover, they show that the quotient morphism LP — > Tip admits sections 
locally for the etale topology. They proceed as follows. When P = SL^b, the fpqc-sheai Tip is called 
the affine Grassmanian. It is an inductive limit of projective schemes over F, that is, ind-projective 
over F; see |BDl Theorem 4.5.1] or [Fal03[ [NPOlj . By Proposition I2.1g|(a)| there is a faithful repre- 
sentation P ^ SL r with quasi-affine quotient. Pappas and Rapoport show in the proof of [PR081 
Theorem 1.4] that Tip — > T£sL r 1S a locally closed embedding, and moreover, if SL r /P is affine, then 
Tip — > TisL r is even a closed embedding. In particular we see from Proposition 12. lffib)] that Tip is 
ind-projective if P is reductive. 

Let us view the formal scheme T = T xp Spf F[£]] as the ind-scheme limT xp SpecF[£]/(£ m ). We 

may form the fiber product Tipf := TipX^T in the category of ind-schemes (see [BP} 7.11.1]). 
Note that this fiber product can be either viewed as the restriction of the sheaf Tip to the fpqc-site 
of schemes in ftfilpf or also as the formal completion of Tip xp T xp SpecF|£] along the special fiber 

v(0- 

Theorem 4.4. The functor M_c f rom Definition \4-l\ is represented by an ind-scheme, ind-quasi- 
projective over T = T xp Spf F[C], hence ind-separated and of ind-finite type over T. 

(a) If Cq is trivialized by an isomorphism a: C ((L + P)y, ba*) with b £ LP(T) then A4 r is 
represented by the ind-scheme Tipf := Tip xpT. 

(b) IfF is reductive ( or more generally if Tip is ind-projective over F ) then M_£ ind-projective 
over T. 



Mco - Nilpf 

s 
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Proof. We first prove statement (a) We regard Mr in the equivalent form mentioned in Remark 14.21 
Consider a pair (£,S) = ((£ + ,f),5) € Mr^JS). Choose an etale covering 5' — > S which trivializes 
£, then the quasi-isogeny as' ° 6 is given by an element g' £ LP(S'). The image of the element 
g' € LP(S') in Fl^ f{S') is independent of the choice of the trivialization, and since (£, 5) is defined 

over S, it descends to a point x S Tl ¥ f(^)- Note in particular that fs' is determined by b and <?' 
through the diagram 

a*(LP) s , (LP) S , 



&*(LP) S , 



Conversely let cc € P^p ^(S 1 ) for a scheme <S va.Milpf. The projection morphism LP — >■ P^p admits 
local sections for the etale topology by [PR081 Theorem 1.4]. Consequently there is an etale covering 
5' — > S such that x is represented by an element g' € LP(S'). We set S" := S' x$ S' and define 
(£'+,?, 6') over S' as follows. Let £' + := (L + F) s >, let the quasi-isogeny 6': {£+,¥) -> ((L + F) s ,,ba*) 
be given by y \- > g'y, and the Frobenius by f' := (g')~ 1 ba*(g')a* . We descend (£' + ,f',5') to S. For 
an S-scheme YletY' = Yx s S' and Y" = Y' x y Y' = Y x s S^\ and let w : F" -> Y' be the projection 
onto the i-th factor. Since g' comes from an element x € J-£pf(S) there is an h € L + F(S") with 
pl(g') = p^id') " ^- Consider the fpqc-sheai £ + on 5 whose sections over an 5-scheme Y are given by 

£+(Y) := {y'GL + P(y'): Pi(l/) = T 1 ■ pW) in £ + P(Y") } 

on which L + P(Y) acts by right multiplication. Then £ is a L + P-torsor on S 1 because over Y = S' 
there is a trivialization 

( L + P)s , ^ ; f^hpt(f) e (L + F)(S") 
due to the cocycle condition for h. Moreover, f' descends to an isomorphism 

r: a*£(Y) ^ £(Y) , a*(y>) (g')'^ '(</)** \y') 

making (£+,f) into a local P-shtuka over S. Also 5' descends to a quasi-isogeny of local P-shtukas 

6:C (Y) ^ LP(Y) = {f>£LP(Y>): pt(f') = p* 2 (f>) in LP{Y")} , 
V i-> g'y' . 

Note that this is well defined. Namely, if g' is replaced by g' with v! = (g')~ 1 g' £ L + F(S') then left 
multiplication with v! defines an isomorphism 

((L+p^^r 1 ^')^') ^ ((l+p)^,^)- 1 ^*^)^,^)- 

Also /i = p^iu') hp\(u')~ l and hence left multiplication with v! descends to an isomorphism £ ^-t- £ 



over S. This establishes (a) 



To prove the first assertion of the theorem we may choose an etale covering T' — > T and a trivialization 
a: £ 0jf , ((L+P) f ,,6<r*) over T". We set T' := T'x F SpfFlC] and T" := f'x f f', and let 
prj : T" — > T' be the projection onto the i-th. factor. Then (a) yields an isomorphism M r x<f T' 
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T£p JV , 5 i — y as' o 5 = g' ■ L + P(S"). Note that T£pfi is an ind-scheme which is ind-quasi-projective 
over T' by Remark 14.31 Over T" there is an isomorphism 

Prin,f') — Mc Q % f» * pr*(p\ f ,) (4.1) 

5' • L+P(S") l pr*^", 1 o 5 ' i ^ pr* 2 a s , o pr^a", 1 o 5 ' • L+P(S") 

It is given by left multiplication on T£pfn = pr*(T£p ft) with the element pr\as> ° prfaig} € 
L+P(T"). 

We write J- if = limp^p for quasi-projective F-schemes T£p . There is a line bundle P 

on J r £p which is "ample" in the sense that its restriction to any T£ p N ^ is ample, and which is 
equivariant for the L + P-action by left multiplication, i.e. "L + P-linearized" in the sense of [MFK941 
Definition 1.6]. For example one can take a faithful representation P <—> SL^u with quasi-affine 
quotient (Proposition I2.13;(a)| ), take the fundamental line bundles £j on T£sL r from [FalUU p. 46], 
take P as the pullback of a tensor product of strictly positive powers of the Ci, see [Fal03t p. 54], 
and take the T£p N ^ as the preimages in T£p of the Schubert varieties in T£sL r - Then (14. ip defines 
a descent datum on the pair (T£ p N ^ x F T' x F F[[£]/(£ m ), J~) for all N and m. This descent datum is 
effective by |SGA 1\ VIII, Proposition 7.8], see also [BLR901 §6.2, Theorem 7]. Therefore there is a 
quasi-projective scheme M^' m) over Tx F F[CJ/(C m ) with M_f' m) x T f' ^ T£p N) x F T ' x F F[CJ/(C m )- 
It follows that Aic () = lim Air ' is an ind-quasi-projective ind-scheme over T. 

N,m 

|(b)| If P is reductive then there is a representation P ^ SL^u with affine quotient by Proposi- 
tion EEjb)] and then T£p N ^ is projective over F by Remark 14.31 Therefore also Ai^' m ^ is projective 
over T x F F[£]]/(£ m '), and hence M r is ind-projective over T. □ 

4.2 Bounded Local P-Shtukas 

Definition 4.5. We define a bound to be a closed ind-subscheme Z of J-£p := T£p x F Spf F[C] which 
is stable under the left L + P-action, such that Z := Z XspfFfc] SpecF is a quasi-compact subscheme 
of Tip. 

Let and C' + be L + P-torsors over a scheme S in Afilp^i and let 5 : C £ be an isomorphism 
of the associated LP-torsors. We consider an etale covering S' — > 5 over which trivializations 
a : £ + ^-t> (L + P)s/ and a' : S=L ^>- (L + P)s/ exist. Then the automorphism a'oio a" 1 of (LP)g> 
corresponds to a morphism S" — > LP x F Spf F[£]. We say that (5 is bounded by Z if for (some) any 
such trivialization the induced morphism 5' — > LP x F Spf F[£] — > P^ F factors through By the 
L+ P-invariance of Z the definition is independent of the trivializations. Furthermore we say that a 
local P-shtuka (£+,f) is bounded by Z if the isomorphism f is bounded by 

In Examples 14.81 and 14.91 below we discuss the motivation for this definition and the relation to 
other boundedness conditions like in |HVllj . 

Remark 4.6. Let the ind-scheme structure on T£p be given as T£p = limp^ p m ^ and the one on 

T£p as T£ F = HmP4 m) x F SpecF[C]/(C m ). Let Z^ := Z x^ (T£p m) x F SpecF[C]/(C m ))- Then 

Z = limZ^ m ^ and Z re( j := lim = lim(Z XspfF[Cl SpecF Xjr £r P£ p ) re d = Z rc( j is a scheme. This 

means that Z is a "reasonable formal scheme" over Spf F[£]] in the sense of |BD1 7.11.1 and 7.12.17], 
and hence a formal scheme in the sense of [EGA! I new ]. 
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Proposition 4.7. Let £+ and C' + be L + F-torsors over a scheme S G •MilpmQ and let 5: C CJ 

be an isomorphism of the associated LP-torsors. Let Z be a bound. Then the condition that 5 is 
bounded by Z is represented by a closed subscheme of S. 

Proof. As in Definition 14.51 consider trivializations of £+ and C' + over an etale covering S' — » S 
and the induced morphism S' — > LP Xp Spf F[£] — > J-£p. By the L + P-invariance of Z the closed 
subscheme S' Z of S' descends to a closed subscheme of S which represents the boundedness of 

5 by Z. □ 

Example 4.8. (a) Let P be the generic fiber of P over SpecF((z)) and consider the base change Pi 
of P to L = F alg ((z)). Let A be a maximal split torus in Pl and let T be its centralizer. Since F alg 
is algebraically closed, Pl is quasi-split and so T is a maximal torus in Pl- Let N = N(T) be the 
normalizer of T and let T° be the identity component of the Neron model of T over Ol- 

The Iwahori-Weyl group associated with A is the quotient group W = N(L)/T"(Ol). It is 
an extension of the finite Weyl group Wo = N(L)/T(L) by the coinvariants X*(T)i under L = 
Gal(L scp /L): 

-> X*(T)j -)■ W -)• Wo ->• 1. 
By [HR03, Proposition 8] there is a bijection 

L+P(F alg )\LP(F alg )/L+P(F alg ) W p \W/Ty p (4.2) 

where W p := (N(L) n¥(O L ))/T (O L ). 

The Schubert variety S(oj) associated with ui € W P \W/W P is the ind-scheme theoretic closure 
of the L + P-orbit of uj in J- if. It is a reduced projective variety over F. For further details see |PR08| 
and [RiclOj . When Z = xpSpfFjCj for a Schubert variety S(u), with u G W, we say that 5 is 
bounded by uj. 

(b) In |HVllj Viehmann and the second author considered the case where P = G xp B for a split 
connected reductive group G over F. In this case W ¥ = W and W ¥ \W/W ¥ = X*(T). If /x G X*(T) 
one could consider the bound Z := <S(/i) Xf Spf F|£] as in (a) above. 

However, we instead fixed a Borel subgroup B of G and its opposite Borel B. We considered 
a generating system A of the monoid of dominant weights A"*(T) c j om , and for all A G A the Weyl 
module V\ := (lnd^(— A)dom) V - For the representation p\: G — > GL(Va) we considered the sheaves 
of O5 \z\ -modules p\*C+ and p\*C' + associated with the L + P-torsors C + and C' + over 5. (For the 
definition of C?s[z] see Section [3l) The isomorphism 5 of the associated LP-torsors corresponds to an 
isomorphism p x *5 : P\*£+<8>o s M ®s((z)) P\*£'+<8>O s lz} ^sd 2 ))- We said in [HVlll Definition 3.5] 
that "5 is bounded by (z, //)" , where z = z or z = z — £, if for all A G A 

PxJ(px*£+) c 5 -<(- a W.m> ( Px ,c' + ), 

and if for all geometric points s of 5 the image of the isomorphism 5s at s under the isomorphism 
(|4.2p has the same image in 7Ti(G) than /x. 

In terms of Definition 14.51 this can be described as follows. Consider the universal matrix M G 
LGL(V\)(S) over the ind-scheme S\ := LGL(V\) XjpSpfF[C]. Let 5a be the closed ind-subscheme 
of S\ defined by the condition that the matrix z^~^ dom '^ M has entries in Cs A [-2j, and let 

Z X := 5 A /(L+GL(y A )x F SpfF[C]) C T£ GL(Vx) . 

Let (J^p)^] be the connected component of Tt^ corresponding to \p] G vri(G) under the isomorphism 
7t (^p) = 7n(G); see [BDj Proposition 4.5.4] or |PR08l Theorem 0.1]. Write A = {Ai, . . . , A m } and 
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for each Aj consider the morphism p\.* : (Tip)^ — » ^gl(Vx ) induced from p\.. Then the base change 
Z of the closed ind-subscheme Z Xl x Spf f[C] • • • *s P f F[C] z \ m under the morphism \\ i p Xi * : (^p)[ M ] 
^GL(Va ) *F[C] • • • *F[C] ^gl(Va ) ^ s the bound representing the "boundedness by (z,p) v from 
[HVlll Definition 3.5]. 

Instead of the Weyl modules V\ one could of course also work with other representations of G. If 
for example one takes the induced modules Ind^(— A)dom, or tilting modules, one obtains different 
ind-subschemes Z, but the underlying reduced ind-subschemes of these Z still coincide. If z = z, 
this reduced ind-subscheme equals the Schubert variety S(p) ><f SpecFjCj. This already indicates 
that it is reasonable to consider boundedness in terms of closed ind-subschemes of J-lp. Note that 
here also for z = z — £ the bound Z only depends on p and the class of modules considered (Weyl 
modules, etc.). This is no longer true if P is parahoric as one sees from the next example. 

Example 4.9. Assume that charF g ^ 2. Set K := ¥ q ((z)). Let E := K[y]/(y 2 - z) be the ramified 
quadratic field extension with y 2 = z. Let T be the one dimensional torus her(N E /K : Res E /K G m — > 
G m ). Explicitly T = Spec K[a, b] / (a 2 — b 2 z — I), with the multiplication (a,b)*(c,d) = (ac+bdz,ad+ 
be). Sending a i— >■ ^(t + t^ 1 ) and b h-> ^{t" 1 — t) defines an isomorphism G m ^E = Specif, t^ 1 ] = Te 
which we will use in the sequel to identify X*(Te) with Z. The inertia group I = G&\(E/K) = {1, 7} 
acts on X*(T) = Z via j(p) = —p and hence X*(T)i = Z/2Z. 

Consider the Neron- model T = ksr (Nq e /q k : Reso E /o K G m — > G m ). As a scheme it is iso- 
morphic to SpecFg[z] [a, b]/{a 2 — b 2 z — 1). Its special fiber has two connected components distin- 
guished by a = 1 or -lmodz. Therefore the connected component of identity of T is T° := 
Spec¥ q lzj[a',b]/(2a' + z(a') 2 -b 2 ), where a = l + za'. In particular (-1,0) £ T°(¥ q ((z))). We let P 
be the group scheme T° over B = SpecFgjJz]. Here F = ¥ q and a = a is the g-Frobenius. 

With each element of X*(T)j the inverse of the Kottwitz map kt '■ LT(¥ q lg ) -> X*(T) /; sec 
|Kot851 2.5], associates a <7-conjugacy class in LT(¥ q ). For example for p = 1 6 X*(T)i = Z/2Z 
one has to choose a lift p G X*(Te)- If we choose p = 1 then with p = 1 it associates 

Ne/k(Kv)) = Ky)-i(Ky)) 

= (ife + ijto- - »)) ■ - »-), ^(--T 1 - (-»))) 

= (-1,0)6T(F*((4). 

The a-conjugacy class given by (—1,0) is independent of the choice of p and of the uniformizer y 
(and of E) by [Kot85l 2.5]. 

Now consider the local 7~°-shtuka ((L+T°)f 9 , (-1, 0)) over ¥ q which is bounded by 1 G VF = 
X*(T)j. We want to lift it to a local T°-shtuka over F g [CMC]/(C 2 - which is bounded. (It turns 
out that such a lift only exists over a ramified extension of ¥ q [£]■) 

Consider the isomorphism K = ¥ q ((z)) — > F g ((£)), z h-> C- Fix an embedding i: E ^ ¥ q ((Q) alg , set 
£ := i(y) and lift N E/K (p(y)) to g{E,p,i) := N E/K (p(y-i(y))) . For example if /i = 1 G Z = X*(Te) 
we compute 

(a,/?) := <?(£,M) = /ifo, - ■ 7 (/x(y - 0) = 

Ay - + 0/ - tr 1 (y-Q-'-jy-O ^ { (y-Q + jy-Q- 1 (y - tr 1 - (y - Z) \ 

V 2 ' 2y ;" 7 V 2 ' 2y )> 
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with 7(y) = -y and tIf 9 ((0) = id - Then 



a 



\ {(y -0 + (y- O" 1 ) ((-y - + (-y - O" 1 ) 
4 ((v - O" 1 - (y - 0) {(-v - O" 1 - (-y - 0) 

\ 2 i / „, c\2' 



and 



Thus we get 



i ( {y-tY + {-y-t Y 
C + z 

C-z' 



P = ^ ((» - + (y - O -1 ) ((-» - O" 1 - (-y - 0) 
+4 ((y - er 1 - (y - 0) ((-y - + i-v - O' 1 ) 

C-z' 

'C + z 2i 



g(E,l,i)=N E/K (v(y-0) 



X-z C-z, 

This shows that we can lift ((L + T°)f 9 , (— 1, 0)) to a local T°-shtuka ((L + T°)-p M,g(E, //, £)) over 
F g [£J which is bounded by the bound Z^ := L+T°-g(E, fi, i)-L + T°/L + T° C Tt^ x SpC cF 9 Spf F 9 [£J. 
However the lift, and as we will see also the bound, depends on the choice of fx and of the embedding 
i. 

We first compute how g(E, fx, i) depends on the chosen embedding i. For this purpose we compute 

N E/K(v(y - i(y))) 

Changing i to i o 7 replaces £ by — £ and we have 



Ne/k(Kv ~ 2° 7(2/)) 

9 (£, l,t o 7 ) = iV B/ ^(/x(y + £)) = f £±^, 
Note that g(E,l,i) = g(E, 1, i o 7) . Therefore 



- flr(.E, 1^ 



^,1,107) yv ' ' > v (c-^) 2 ' X-zf 

This also shows what happens if we replace fi 6 X*(Te) = Z by another lift of /i S Z/2Z, i.e. 

^y^iM=9(E,2,!) = 9 (£,l,i) 2 . 

Observe that T^ry^ G 7^(F g [z, §]) \ T°(F ff [^z]). So 1,701) does not lie in the 

closure of the subscheme L + T° -g{E, 1, i) • L + T° C LT° XSpecF, Spf F g [£]. In particular the bounds 
defined by Z^ := L+T°-g(E, fx, i)-L + T°/L + T° C 7"£ r o x SpccF(j Spf Fj£] depend on the embedding 
i: E ^-s> F f/ (((")) alg and the lift \i S X*(T) of // € X*(T)j. For this reason we decided to treat bounds 
axiomatically in Definition 14.51 
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4.3 Representability of the Bounded Rapoport-Zink Functor 

Let P denote the generic fiber of P and let b £ LP(k) for some field k £ Nilpm^j . With b Kottwitz 
associates a slope homomorphism 

u b- D k{{z)) -> P k((z))i 

called Newton polygon of b; see |Kot851 4.2]. Here D is the diagonalizable pro-algebraic group 
over k((z)) with character group Q. The slope homomorphism is characterized by assigning the slope 
filtration of (V(S>w((z)) k((z)),p(b) • ( id ®<r)) to any F((z)) -rational representation (V, p) of P; see |Kot85l 
Section 3]. We assume that b £ LP(k) satisfies a decency equation for a positive integer s, that is, 

(ba) s = sv b (z)a s in LP(k) x {a}. (4.3) 

Remark 4.10. Assume that b £ LP(k) is decent with the integer s and let £ C fc alg be the finite 
field extension of F of degree s. Then b £ LP{1) because by (|4.3|) the element 6 has values in the 
fixed field of a s which is I. Note that if k is algebraically closed, any cr-conjugacy class in LP(k) 
contains an element satisfying a decency equation; see [Kot85l Section 4]. 

Remark 4.11. With the element b £ LP(k) one can associate a connected algebraic group J b over 
F((z)) which is defined by its functor of points that assigns to an F((z))-algebra R the group 

J b (R) := {<? £ P(R® nz )) k((z))): g^ba(g) = b}. 

Let b satisfy a decency equation for the integer s and let F s be the fixed field of a s in k((z)). Then v b 
is defined over F s and J b Xf((z)) is the centralizer of the 1-parameter subgroup su b of P and hence 
a Levi subgroup of P Fs ; see [RZ961 Corollary 1.9]. In particular J b (F((z))) C P(F S ) C LP(^) where £ 
is the finite field extension of F of degree s. 

Let Z C Tip be a bound (see Definition 14.5ft and set Z = Z Xs p f w{Q SpecF. We define the 
associated affine Deligne-Lusztig variety as the reduced closed ind-subscheme Xz(b) C P£p whose 
X-valued points (for any field extension K of k) are given by 

X z (b){K) := { 9 £ F£ P (K): g" 1 ba*(g) £ 

If u> £ W and Z = 5(w) is the Schubert variety from Example 14.81 we set X w (b) := Xg^(b). 

Definition 4.12. Let C be a local P-shtuka over an F-scheme T. Consider the functor M r from 
Definition 14. II and its subfunctor 

M} o : (Mp m )° — )• 5efe 

5 i — )• | Isomorphism classes of (£, 5) £ M/i (S) : £ is bounded by z| 

£ is an ind-scheme over SpffcJC]] by Theorem 14^41 and Mr is a closed ind-subscheme by Propo- 
sition 14.71 

In the remaining part of the chapter we prove that Mx q is pro-representable by a formal scheme 
in the following important special situation. Let T = Spec A: and let L = (L + ¥, ba*) be a trivialized 
local P-shtuka over Spec A;. Assume that b is decent with integer s and let I C /c alg be the finite field 
extension of F of degree s. Then b £ LP{£) by Remark 14.101 So L is defined over T = Spec^ and 

we may replace k by i. Then M^ is defined over Spf ^[Cl- 
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Theorem 4.13. The functor M[ : {Milp^j) -> Sets is pro-representable by a formal scheme over 
Spf€[C] which is locally formally of finite type. Its underlying reduced subscheme equals Xz{b). In 
particular Xz(b) is a scheme locally of finite type over I. The formal scheme representing AiE * s 
called a bounded Rapoport-Zink space for local P-shtukas. 

Recall that a formal scheme over in the sense of [EGA) I new , 10] is called locally formally of 
finite type if it is locally noetherian and adic and its reduced subscheme is locally of finite type over 
I. It is called formally of finite type if in addition it is quasi-compact. 



Remark 4.14. By our assumptions QIsog^(L ) equals the group J&(F((£))) from Remark 14.111 This 
group acts on the functor A1l v i & 9 : (£i ^ (£>5 ° ^) f° r 9 G QIsog^QLo)- 

Proof of Theorem \4-l<'3\ The proof will use a sequence of lemmas and will eventually be complete 
after Lemma [4.21 i Consider the universal local P-shtuka C univ over Tl^fi '■= Tbp Xf Spf (see 
Theorem 14. 4p . Let -M^ be the closed ind-subscheme of Tb&,i over which C univ is bounded by Z. By 
construction Mf^ a pro-represents the functor A1l - ^ ^ s cl ear that the reduced ind-subscheme equals 
Xz(b). We have to show that is locally formally of finite type. By rigidity of quasi-isogenies 

the functor -M£ is equivalent to the following functor 



{Milp m )° -> Sets 

S i — > | (C, 5) : C is a local P-shtuka over S bounded by Z 

and 5 : £ — > L 0) s is a quasi-isogeny | / ~ . 

We take a representation l: P — > SL^d =: H with quasi-affine quotient H/F; see Proposition 12. 13; (a) | 
It induces a 1-morphism 



t* := Sie\C) \ ^ 1 (SpecF,L+P)(5) -> JT 1 (Spec F, 



For an L + P-torsor £ + over S 1 we denote by V(t*£+) the sheaf of 0s|z]] -modules associated with the 
image of C in ^(SpecF, L+ GL r )(5) by Remark O In particular V(i*(L+P) s ) = 5 [zj® r . Let 
p v be the half-sum of all positive coroots of H. 

For each non-negative integer n G No let M. n be the closed ind-subscheme of A1l defined by the 
following sub functor of M\_ 

M n : (Mp m )° — > Sets 

S i— > { (£, S) € Ml (^) : -^(OO*) is bounded by 2np v }, 

where £ = (£ + ,f) and where we say that J^f 1 (i)(6) is bounded by 2np v if for all j = 1, . . . , r 

K 0sM ^(l)(5)(V(lX+)) C ^ 2 -^)-A J 0sW V(^(L+P) 5 ). (4.4) 

By [HVllt Lemma 4.3] the latter is equivalent to the boundedness condition considered in |HV11[ 
Definition 3.5], see Example 14.91 because p v = (r — 1, . . . , 1 — r) and (|4.4p is automatically an equality 
for j = r as i factors through H. 

Lemma 4.15. The ind-scheme Ai n representing the functor A4 n is a (-adic noetherian formal 
scheme over whose underlying topological space (M n ) T ed * s a quasi-projective scheme over Sped. 
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Proof. Since H/F is quasi-affine, the induced morphism i* : T£j>e — > T£h,£ is a locally closed em- 
bedding by Remark 14.31 The representation t induces a functor from local P-shtukas to local 
-£/-shtukas. Consider the local iT-shtuka FJ := i^Lg = ((L + H)t, t(b)a*) over I and view T£hi 
as a moduli space representing the functor -M H , parametrizing local i^-shtukas together with a 

— (n) - 

quasi- isogeny oh to H. ; see Theorem I4.4L Let T£ H g be the closed ind-subscheme of T£h,£ defined 

by condition (|4.4p . that is, by bounding 5h by 2np v . It is a £-adic noetherian formal scheme over 

Spf^lCl by |HV11[ Proposition 5.5] whose underlying topological space is a projective scheme over 

Sped. Therefore 

M n (i) := M n x Spim S P ecilCy(C) = M£ x^^gxspf«Spec4Cl/(C) 

is a scheme of finite type over Spec ^ for all i with underlying topological space M n {l) 

independent of i. Now our claim follows from [EGA} I neW ) Cor 10.6.4]. □ 

For each non-negative integer n € No we define the following sub functor of =Ml 

M n : (Mlp m )° — > Sets 

S i — > | (£, 5) € -M-i^ (S) : for any closed point s in S, 

J4°{l){5 s ) is bounded by 2np v }. 

This functor is represented by an ind-scheme A4 n which is the formal completion of A^jf along the 
quasi-compact scheme {M n ) re d. 

Lemma 4.16. A4 n is a formal scheme formally of finite type over Spf ifCj. 

To prove the lemma we need to start with the following definition. 

Definition 4.17. Let R = limi? m S Milp v ^Q for a projective system {Rm,u mjm i) of discrete rings 
indexed by No- Suppose that all homomorphisms R — > R m are surjective, and that all the kernels 
L m := ker(tt mi o : Rm — > Ro) C R m are nilpotent. A local P-shtuka over Spfi? is a projective system 
(£ m )meN of local P-shtukas C m over R m with L m _ x = C m ® Rm R m -i- 

Lemma 4.18. Let R in Afilpwj be as in the above definition. The pull back functor defines an 
equivalence between the category of local F-shtukas over Spec R bounded by Z and the category of 
local F-shtukas over Spf R bounded by Z. 

Proof. Since R is in MilpmQ there is an integer e € N such that ( e = on R. Let £ := (£ m ) m eN 
be a local P-shtuka over Spf R. There is an etale covering R' — > Rq which trivializes Cq. By 
[SGA H Theoreme 1.8.3] there is a unique etale ii-algebra R' with R' ® R R ^ R' . As in [HVlll 
Proposition 2.2(c)] this gives rise to compatible trivializations C m ®_R m R' m = ((L + F) R > m , b m a*) over 
R' m := Rf ® R R m for all m. Here b m € LP(R' m ) and b m ® R ^ R' m _ x = b m -\. 

Take a faithful representation P SL^p and consider the induced closed immersion LP ^ 

(n) (n) 

LSL^d- The ind-scheme structure on T£sL rB is given by Tlsh rB = li m ^sL D wnere T£ s ^ is 
defined by condition Let LSlJJJ = LSL riD x ^ SL Then 

L SLg(5) = { g 6 L SL r , D (S) : all j x j-minors of 5 lie in z- n ^-^O s (S){z\ V j }. 
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This implies that LSL^Jj, and hence also LP^ := LP x^sL rD iSL^ is an infinite dimensional 

affine scheme over F. Since Z e := Z x Spf SpecF[£]/(£ e ) has the same underlying topological 

space as Z, it is quasi-compact. So there is an n € N such that Z e C Fig^ Xs pec F SpecF|£]]/(C e ). 
As one sees from the following diagram 

SpeciC" " *LSL™ x F SpecFlClAO -£SL r , D x F SpecF[Cl/(C e ) 



^slL xf SpecF[Cl/(C e ) -^SL r „ x F SpecF[C]/(C 



the morphism b m : SpecR' m — > LP factors through LP( n ) = LPx^gL ? . D L SL^p for all m. Since LP^ 

is affine, the compatible collection of morphisms b m : Spec R' m — > LP^ is given by a compatible 
collection of homomorphisms O(LP^) — > R' m . It corresponds to a homomorphism O(LP^) — > .R', 
because i?' = limi?^, and thus to a morphism 6oo : Spec-R' — > LP^ n \ This gives the local P-shtuka 

((L + P)^/, bood*) over Speci?' which carries a descent datum from the C m and hence induces a local 
P-shtuka over Spec R. □ 

Let us come back to the 

Proof of Lemma \4-16[ For each m > n let M™ be the formal completion of A4 m along (M n )red- It 
is an adic formal scheme over £{(}. Let U be an affine open subscheme of (-M n ) re d- This defines an 
affine open formal subscheme Spf R m of A4™ with underlying set U. Let R be the inverse limit of 
the projective system R m +i —> R m and let a m denote the ideal such that R m = R/a m . Let J be the 
inverse image in R of the largest ideal of definition in R n . We want to show that R is J-adic. We 
make the following 

Claim. For any integer c > there is an integer mo such that for any m > mo the natural map 
Rm/J c Rm — > Rm /J c Rm is an isomorphism. 

To prove the claim let C m be the universal local P-shtuka over Spfi? m . Consider the local P- 
shtuka (C m ) m over Spfi? and its pullback over Spfi?/J c . The latter comes from a local P-shtuka 
C over Spec R/J c € Milpan by Lemma [4.181 By rigidity of quasi-isogenies the quasi-isogeny S n 
over R/J = R n /J lifts to a quasi-isogeny 5 over R/J c . Since Spec R/J c is quasi-compact, the quasi- 
isogeny J? 71 (/,)(£) satisfies condition (|4.4p for some mo, that is, it is bounded by 2mop v - By the 
universal property of A4™° the tuple (£, 5) induces a morphism i?, mo — > R/J c making the following 
diagram commutative, from which the claim follows 

R Rm Rmo 



Rj J Rm/ J Rm **" Rmo I J Rmo ■ 

The claim implies that the chain a n + J c D cin+i + J c 3 • • • 5 a% + J c 5 • • • stabilizes. Now 
set J c := Hi Q-i + J c = a m + J c for m > and consider the descending chain J\ 2 J2 5 
Note that J\ = J and J" c+ i + = J c - Since J1/J2 = JR m /J 2 Rm for m » 0, it is a finitely 
generated i?-module. Therefore M n is a locally noetherian adic formal scheme over Spf £^J by 
[RZ961 Proposition 2.5]. It is formally of finite type because (A4 n ) rc d = (A4 n ) rc d is quasi-projective 
over I by Lemma 14.151 □ 
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Remark 4.19. Up to this point we have not used that L is decent and, in fact, Lemmas 14,151 and 
14.161 also hold for the ind-scheme M% in the more general situation where £ is a (not necessarily 
trivialized) local P-shtuka over an arbitrary F-scheme T. 

Prom now on we use that T = Sped and that L is decent with the integer s. In the sequel 
we consider points x G .Mjf (K) for varying field extensions K of I. For two points x := (C,5) and 

x' := (£',£') in m[ q {K) we define 

d(x,x') := mm{n G N : is bounded by 2np v }. (4.5) 

In the situation where 5 = g and 8' = g' for g, g' G LP(K), as well as x = ((L + P)k, g~ 1 ba*(g), g) and 
x' = ((L + P) K ,(g')- 1 ba*(g'),g') 1 we also write d(g,g') := d{x,x'). Note that a point x G M[ (K) 
belongs to M n if and only if d((L , id), a;) < n. 

Although we will not use this, note that d is a metric on Ml . This follows fr om the fact 
that (|4.4p for n = together with Cramer's rule implies that ^ c ' 1 (t)(5]~ 1 ^2) is an isomorphism 
V(i*£ 2 ) V{ l *£li)'i compare the discussion around [AH131 Equations (3.3) and (3.4)]. 

Lemma 4.20. For every integer c > there is an integer do > with the following property. For 
every g € LP(K) with d(g, ba*(g)) < c there is a g' € LP (I) with d(g,g') < do. 

Proof. This is just a reformulation of [RZ991 Theorem 1.4 and Subsection 2.1] taking into account 
that by functorial properties of Bruhat-Tits buildings (see [LanOOj ) . l induces an injective isometric 
map of Bruhat-Tits buildings SB{P) -> @{H). □ 

Lemma 4.21. There is an integer do € No such that max{d(x, -Mjf (I)) : x € A1l } — ^o- 

Proof. Let x := (C + ,5) be a point in M[ {K). Take a trivialization (C + ,5) = ((L+P) K , ha* , g) 
with 5 = g G LP(K) and /i = g~ l bd*(g). Since the local P-shtuka ((L + P)#, /i<r*) is bounded by 
Z and Z is quasi-compact by definition of the boundedness condition (see Definition 14. 5p . we have 
d(g, ba*(g)) = min{n G No: t ^ 1 (z.)(/i) is bounded by 2np v } < c, for some natural number c which 
is independent of x. Let do = do(c) be the integer from Lemma I4.2UI Then there is a g' G LP(£) 
with d(g,g r ) < do. Now we consider the associated point x' := ((L + P)^, g'~ 1 ba*g' , </) of A4jf (I) ■ We 
conclude d(x, a;') < do and the lemma follows. □ 

For a point y G M[j£) set B(y,d ) := {x G A4l : < d }. Here x G Aif (K) for a field 

extension K of £. We set B n (y, do) = B{y, do) H 7\4 n . Note that these are closed subsets. 
For each integer r let 

K= U B n (y,d ) 

y£Mi (e)J((h ,id),y)>r 

If y ^ .A/fn+d,,, that is d((L , id), y) > n + doi an d x G A4 n , that is d((h , id), x) < n, then 

y) > d((Lo, id), x) - n + J(x, y) > J((L , id), y) - n > d 
and thus B n (y,do) = We get 

U SnMo). 

?/eMn+d (^),d((Lo. id )^)> r 
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Since (M n +d Q ) reA = (M n+d °) rcd is quasi-projective over I by Lemma f4. Yo\ this union is finite. 

Let be the open formal sub-scheme of A4 n whose underlying reduced set is A4 n \ Z T n . We claim 
that the chain U£ Z^ +1 ... of open formal sub-schemes of A4 n stabilizes. By the definition of 
A4 n it is enough to verify this on the underlying set of points. Suppose that there is some element 
x € Un+i x ^n- By Lemma f4 . 2 1 1 ther e exist a y € M£ (£) such that d(x,y) < do- Since x ^ -2^+1 we 
must have d((L , id),y) < r. Then 

J((L , id), x) < d(QLo, id), y) + d>, y) < r + d , (4.6) 

therefore if n > r + do then rf((L , id), a;) < n which is a contradiction and consequently there is no 
such x. 

Let U r = IJn^n (which equals U T n for n > r + do). Note that every point x of -M-j^ lies in the 

union of the U r s. Indeed, if d[(h , id),x) < r — do for some r, then x is contained in U r , because 

otherwise there is a y G .Mjf (I) with d(x,y) < do and d((Lo> id),y) > r, a contradiction. Now 
consider the chain 

of open immersions of formal schemes formally of finite type, note that W is open in Ml . Indeed 

the underlying topological space of lA r is open in A4 n for every n and the ind-scheme A4£ carries 
the limit topology of the limit over the A4 n - This shows that the formal scheme U r equals the formal 
completion of the open ind-scheme M£ a \\u r \ of A1l supported on \U r \ along the whole set \U r \ and 

thus AIlJiwI = W . Since W is locally formally of finite type this implies that A1l = U r ^ r * s 
locally formally of finite type as well. This completes the proof of Theorem 14. 131 □ 

Corollary 4.22. The irreducible components of the topological space Aj£ o are quasi-projective schemes 
over I. In particular they are quasi- compact. 

Proof. Let T be an irreducible component and let x be its generic point. As in the proof of the 
theorem there is an r such that x G U r = U- +c ^ C Ai r+ d ■ Since the underlying topological spaces 

of Ai r +do an d M. T+d ° coincide, are closed in Aj£ o , and quasi-projective over £ by Lemma \4.15\ we 
see that T C Jvi r+d ° is a closed subscheme and the corollary follows. □ 

In the remainder of this section we fix an integer n and consider complete discrete valuation 
rings FjJziJ for i = 1, ... ,n with finite residue fields Fj, and fraction fields Qi = Fj((zj)). Let Pj be 
a parahoric group scheme over SpecFjflzj], let Pi := Pj Xf,[z,] Spec ((24)), and let Zj be a closed 
ind-subscheme of := J r £p i Spf Fj[£j]] which is a bound in the sense of Definition 14.51 Let 
k be a field containing all Fj. For all i let L 4 be a local Pj-shtuka over fc which is trivialized and 
decent. By Theorem 14. 131 the Rapoport-Zink space is a formal scheme locally formally of finite 

type over Spf fe[CtJ- Therefore the product := -^l^ *fc ■ • • M-fj 1 is a formal scheme locally 

formally of finite type over Spf A; [(J := Spf £;[Cb • • • , Cn]- Recall that the group Jl.(Qi) = QIsog^QLj 
of quasi-isogenies of Lj over k acts naturally on ; see Remark 14.141 

Let rcfj. Jl. (Qi) be a subgroup which is discrete for the product of the Zj-adic topologies. We 
say that T is separated if it is separated in the profinite topology, that is, if for every 1 ^ g € T there 
is a normal subgroup of finite index that does not contain g. 

Proposition 4.23. Let V C T[ i J^. (Qj) 6e a separated discrete subgroup. Then the quotient T\ Y\ i M.^ 
is a locally noetherian, adic formal algebraic Spf k\^\- stack locally formally of finite type. Moreover, 

the 1-morphism Y\i^i! ~> T\T\i-M^ is adic and etale. 
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Here we say that a formal algebraic Spf fc[£]]-stack X (see [Har051 Definition A. 5]) is J '-adic for 
a sheaf of ideals J C Ox, if for some (any) presentation X — > X the formal scheme X is jTOx-adic, 
that is, J r Ox is an ideal of definition of X for all r. We then call J an ideal of definition of X. We 
say that X is locally formally of finite type if ^ is locally noetherian, adic, and if the closed substack 
defined by the largest ideal of definition (see |Har05t A. 7]) is an algebraic stack locally of finite type 
over Spec k. Before proving the above proposition let us state the following lemma. 

Lemma 4.24. Let T C T[. (Qj) be a separated discrete subgroup. Let Ui C J r £p i Xs pe cFi Spec k 
be a quasi- compact subscheme and set U = U\ x& . . . x/% U n . Then the set 

{7 € T: jUnU^ 0} 

is finite. 

Proof. Note that J^XQi) is contained in LP i (k alg ). By Theorem 14.41 any point x € U(k alg ) can be 
represented by a tuple (C i: gi)i, where £j is a trivialized local Pj-shtuka over fc alg and the quasi-isogeny 
9i- !Li —> h.i is given by an element gj £ LPi(k 3llg ). By [PR081 Theorem 1.4] the projection LPi — > T£^ i 
admits sections locally for the etale topology, and hence etale locally on J-£p i the loop group LPi 
is isomorphic to the product J-£p i X]jvL + Pj. In particular, the projection ir: T[i LPi — > Yl i J-£p i 
is an affine morphism by |EGAl Proposition 2.7.1] and the preimage U C V[i LPi of U under ir is 
quasi-compact. Consider the morphism 

UxU — > Ui^ t 

{9i,sfi)i — > (fljft 1 -^/^*)*- 

Since .T 7 ^ is an ind-quasi-projective ind-scheme, this morphism factors through some quasi-projective 
subscheme V C Hi^Pr Since Lj is decent the group of quasi-isogenies Jl (Qi) C LPj(/c alg ) is con- 
tained in LPi{€) for some finite field £; see Remark 14.111 Let 7 € T be such that 2; = (£n,gi)i 6 f/ 
and 7X = (£j,7i<7i) G f7 where 7^ € LPi(£) is the projection of 7 onto the i-th factor. Then 
( gi , 7i<7i)i £ U x U and the image of 7 under the projection map 7r lies in the finite set V(£). Thus 
7 lies in the compact set S = 7r _1 (V(^)) n Y\ i Jh (Qi)- On the other hand F is discrete and thus has 
finite intersection with S. □ 

Proof of Proposition \4-2S\ By Lemma 14.211 there is a finite field t{ and a constant such that any 
ball in TW^ 1 with radius di contains a rational point in M^{£i). Let d be the maximum of the 

integers di and let £ be the compositum of the fields 4- Let x := (xj)j be a point of rij-^L^)- 

We use the notation of the proof of Theorem 14.131 and consider in particular the metric di on Mf i 

—i 

defined as in (|4.5p after choosing some representation tj of Pj. For a positive integer c we define the 
closed subscheme B(xi,c) := {z € closed points: d~i(z,Xi) < c} of (A4^ l )rcd- By Lemma f4. 151 it 
is a quasi-projective scheme over Spec£. In particular the set of ^-valued points B(xi, c)(£) is finite. 
Then for all n > 2d the subscheme 

Ul\xi) := B(xi,n)^ |J B(y,d) C (M^) Ted 

y£B(xi,n+d)(e),di(y,Xi)>2d 

is open in B(xi,n + d) and quasi-compact. Note that for n > 3d all lA 2d {xi) coincide with l4M(xi) 
by an argument similar to (|4.6p . Since (.M^Ored = limi?(a7,ra + d) carries the limit topology, the 

subscheme U 2d {xi) := U^(xi) C («M^ i )red is open and quasi-compact. By Lemma T4.21I the union of 
the U 2d {xi) for all x { £ M^{£) equals (A^f^red- 
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For x = {xi)i set U x := Y\i^ 2d ( x i)- Then j.U x = U^, x and the open subsets U x cover \\ i M^ % , for 

varying x E EL -Ml* CO- Let ^ c EL -Ml* CO ^ e a se ^ °f representatives of the T-orbits in EL -Ml* CO- 
Fix an x € /. Since T is separated, we may choose by Lemma 14.241 a normal subgroup T' x C T of 
finite index in T such that D 7'^ = for all Y 7^ 1 in T' x . For all 7 6 T the natural morphism 

7C/a; — > T' x \ T\ i is an open immersion. Let V x be the (finite) union of the images of these 
morphisms for all 7 £ T. Then (r^\r)\V^ is an open substack of r\n 4 .M£. Moreover, (r;\r)\"14 
is a finite etale quotient of V x and the map U 7 er7^' ~~ ^ O^ArA^ is adic and etale. Therefore 

the morphism EL -Ml* — y ^\Y[i^h- 1S acHC anc ^ etale above (r^,\r)\T4- Since (T4)red is a scheme 
of finite type over k, its quotient ((r^.\r)\V r x ) r , = (r^.\r)\(V r x ) re d is an algebraic stack of finite 

type over k. Since the open subsets U x cover EL -Ml* also the (r^,\r)\14 cover r\EL-A4jL l and the 
proposition follows. □ 

5 The Relation Between Global 0-Shtukas and Local P-Shtukas 
5.1 Preliminaries on 0-Torsors 

In this chapter we only assume that is a smooth affine group scheme over C. Let v € C be a closed 
point of C and set C := C \ {v}. We let Jf?J-(C, (3) denote the category fibered in groupoids over 
the category of Fq-schemes, such that ^ 1 (C", <5)(£) is the full subcategory of [Cg/<8]((7g) consisting 
of those (5-torsors over C' s that can be extended to a (3-torsor over the whole relative curve Cs- We 
denote by ( ) the restriction morphism 

('): je\c,e) —>je?(C,G) 

which assigns to a (5-torsor Q over Cs the (3-torsor Q := Q Xc s C' s over C' s . Let P u := Res Fi/ / Fi? P v 
and P u := Res Fiy / F? ^ be the Weil restrictions. Then ¥ u is a smooth affine group scheme over 

SpecFjz]]. We apply Definition for F = ¥ q and let P„ := F u X SpecFgM SpfF 9 [z] = Res F , y/F(j FV 
be the i^-adic completion. We write A v = ¥ u lzJ for a uniformizer z € F 9 (C). Then for every 
F 9 -algebra R we have 

A u ®w q R = (R®B 9 K v )lz} = Rlz}®g 9 F v and 
Q u ® ¥q R * (R <g) Fg F„)((z)) = R{(z))® ¥q ¥ u . 

This implies that 

L + F V (R) = F v (Rlz}) = F u (A u ® ¥q R) and LP V (R) = ?v(R{(z))) = Pv(Qv® ¥q R). 

If £ G Jf^C, <5) (SO, its completion Q v := Q x Cs (Spf A v x ¥q S) is a formal P„-torsor (Definition 122) 
over Spf A u x ¥q S. The Weil restriction Kes ¥v / ¥q Q v is a formal P^-torsor over SpfFgJz] x ¥q S 1 and 
corresponds by Proposition 12.41 to an L+P^-torsor over S which we denote L+(Q). We obtain the 
morphism 

L+: 3tf\C,G) J** 1 (Spec ¥ q ,L+V v ), g^L+(G). 
Finally there is a morphism 

L v : ^(C\<8)(S) — ► Jf 1 (SpecF g ,LP l/ )(5) , G ^ L U (Q) 
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which sends the 0-torsor Q over C' s , having some extension Q over Cg, to the LP^-torsor L(L^(Q)) 
associated with L+G under (|2.ip . Observe that L U (Q) is independent of the extension Q. We therefore 
may write L U (Q) := L(L+(Q)). 

Lemma 5.1. The above maps assign to each &-torsor Q over Cs a triple (Q,L+(G),ip) where 
(p: L V (Q) L(L^(G)) is the canonical isomorphism of LP u -torsors. J^f 1 (C,(5)(S) is equivalent to 
the category of such triples. In other words, the following diagram of groupoids is cartesian 



L+ 



L, 



^(SpecF^L+P^) — ^ ^ (Spec F g , LP,). 

Proof. This follows from the glueing result of Beauville and Laszlo |BL95j . Indeed, we construct the 
inverse of the morphism JT l (C, 6) — ► Jt*(C, <$) x^i {Spcc¥q L p v) ^(SpecF,, L+P„). Let S be an 

F 9 -scheme, Q G 3ti*{C\ <S)(S), as well as £+ G ^(SpecF,, L+F V ){S) and ip: L V (Q) L(£+) an 
isomorphism in ^^(SpecFg, LP U )(S). Let be an extension of (7 to Cs- By Proposition 12.41 there is 
an etale covering S' — > 5 and trivializations a: (C^)s 1 (L + Pj/)s' and /3: L+(G)s' (L + Pt/)s' 
of the pullbacks to S". We may assume that S" is the disjoint union of affine schemes of the form 
SpecP'. 

We glue t?s" via the isomorphism a o ip: L u (G)s' {LPy)s' to (L + P;,)g/ as follows. Consider 
the algebraic torsor (/ x<7 s Spec(A u ® ¥q R') for the group scheme (3 Xc Spec^-Ay®!- i?') = F„ XspecA„ 
Spec(Aj,®F 9 P') over Spec^-A^p i?'). By [EGA! Proposition 2.7.1] it is affine of the form SpecP. Its 
z^-adic completion (Gu)r' = G ><c s Spf(A.j,®F 9 P') = Spf B is affine with B = UmB/u m B. Recall that 

L„(G)r' is the L+P^-torsor associated with the Weil restriction Res^ m q \Gv)w by Proposition 12.41 

The trivialization /3 induces a trivialization /3: Res^^/F (Gu)r' F;, x SpfF j^j Spf R'\z\ which is 
determined by the section 

j9 -1 (l) G Hom SpfH ,| z j(Spf #[>] , Res F ^ /F<j (^)^) 
= Uom Spi{Ai ^ RI) (Spf(A u ® ¥q R'),SpfB) 

= Hom ^§ F9 i?'(^' A,®F ? i?') 

= Hom Spec(^§ F9 i?')( Spec ( A ^ F ^'), SpecP). 

The latter induces a trivialization /3 : G xc s Spec(Aj,®F 9 P') P„ xs pC c J 4„Spec(Ai,®F il')- Similarly 
the automorphism i/» := oapp~ l of {LP v )ri is determined by the image 

V>(1) G LP„(P') = P, (Spec Q„® Fg P') 

and thus induces an automorphism V of P„ xspccQ^ Spec(Q 1/ CS>F 5 P / )- By |BL95] we may glue Gr 1 
with F v XspecA^ Spec(j4 v ®F 9 -R') y i a the isomorphism ■0/3 to obtain a uniquely determined ©-torsor 
on Cr>. 

We descend £7' to Cs as follows. Let 5" = S' Xs S' and let : S" — >■ 5' be the projection onto 
the i-th factor. Consider the element h := (^a o j^a -1 )(l) G L + P„(S"') = P„(A,®F,r(5", £V)). 
The isomorphism 

(idg »: p*(g 5 ,, P„ xgpccA, Spec{A u ® ¥q R'), ^) ^p$(Gs>, ^ ><SpccA, Spec{A v ® ¥q R'), ^/3) 
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induces a descent datum on Q' which is effective by [BLR901 §6.2, Theorem 7] because Q' is affine 
over Cg/. Thus Q' descends to a (5-torsor Q € ^ 1 (C, &)(S). This defines the inverse morphism and 
finishes the proof. □ 



5.2 The Global-Local Functor 

Analogously to the functor which assigns to an abelian variety A over a Z p -scheme its p-divisible group 
we introduce a global-local functor from global (5-shtukas to local P^-shtukas. But whereas 
abelian varieties only have one characteristic place, our global (5-shtukas have n characteristic places 
v_ = (yi, . . . , v n ). So the global-local functor will assign to each global 25-shtuka of characteristic u_ 
an n-tuple of local P^-shtukas. We begin with a 

Remark 5.2. Let v be a place on C and let TS) U := Spec A,, and TS) U := Spf A v . Let degf := \¥ v : ¥ q ] 
and fix an inclusion F„ C A u . Assume that we have a section s: S — > C which factors through 
Spf A u , that is, the image in Os of a uniformizer of A u is locally nilpotent. In this case we have 

B„ x ¥q S * ]J V(cv) ]J B u>s , (5.1) 
<ez/(degf) ^eZ/(dcgi/) 

where ID^ 5 := Dj, x Fl/ 5 and where V(cw) denotes the component identified by the ideal a v>e = 
(a ® 1 — 1 ® s^a) 9 * : a € F„). Note that cr cyclically permutes these components and thus the 
F^-Frobenius <j degl/ =: a leaves each of the components V(a„^) stable. Also note that there are 
canonical isomorphisms V(d u g) — tb u , S f° r & U 

Although we will not need it in the sequel, we note the following interpretation of the component 

vKo)- 

Lemma 5.3. The section s: S —¥ C induces an isomorphism of the component V(a^o) with the 
formal completion Cs of Cs along the graph T s of s. In particular Cs is canonically isomorphic 
to B^s- 
Proof. We first consider the formal completion CaJ~ s of Ca v along the graph T§ of the morphism 
s: Spec A v —¥ C. Let Spec A C C be a neighborhood of v such that a uniformizing parameter z 
of C at v lies in A. Then I = (a®\ — 1 <£) a : a £ A) C A ®jr A v is the ideal defining Tg and 

CaJ s = Spf \\m(A ® Vq A u )/I n . The module I/I 2 is free of rank one over A v = (A ® ¥q A v )/I since 

C is a smooth curve over F„. We claim that I/I 2 is generated by z <S> 1 — 1 <8> z. Let a £ A, let 
/ € F 9 (z)[X] be the minimal polynomial of a over ¥ q (z), and multiply it with the least common 
denominator to obtain the polynomial F(X, z) € F ? [X, z\. Note that the least common denominator 
lies in Oq v because a is integral over ¥ q [z] near v. In A (giro A^pT] we use the abbreviations C, := l®z 
and a := 1 <8> a and we consider the two- variable Taylor expansion of F at (a, C) 

op a p 

F(X,z®l) = F(a,C) + ^(a,C)-(X-a) + — (a,C)-(^l-C) mod/ 2 

Plugging in a <8> 1 for X yields F(a <8> 1, z g) 1) = in addition to -F(a, £) = 0. Since A is unramified 
over F 9 [z] at v we have (a, (,) £ A*. This shows that z <g) 1 — 1 (g) z generates the A^-module I/I 2 . 

By Nakayama's Lemma |Eis95l Corollary 4.7] there is an element / G 1 + 1 that annihilates the 
A (g))p Ay-module i"/(z <g> 1 — 1 ® z). We may replace Spec(A <S>w q A,) by the principal open subset 
Spec(A ®f 9 which contains the graph Tg and on which / is generated by the non-zero divisor 

z ® 1 — 1 <8> z. This implies that also I n /I n+1 is a free A^-module with generator (z <g> 1 — 1 <S) z) n . 
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Therefore the morphism vlj,|t] — > \im(A ®F g A u )/I n ,t H > z ® 1 — 1 £3 z induces an isomorphism on 

the associated graded rings, and hence is itself an isomorphism by |AM691 Lemma 10.23]. 

Now observe that V(a 1/i o) is the formal scheme on the topological space S with structure sheaf 
0s H, and that s identifies the topological spaces S and F s . Under base change to S this implies 

■ — T s 

that the formal completion Cs has structure sheaf 0s [i] = Os\z — C], where we write t = z — £. 
Since £ is locally nilpotent in 0s, the latter is isomorphic to 0s W proving the lemma. □ 

Definition 5.4. Fix a tuple y_ := (yi)i=\,„ n of places on C with ^ Uj for i 7^ j. Let A v be the 
completion of the local ring Oc n ,y_ of C n at the closed point u, and let Fj, be the residue field of the 
point v. Then is the compositum of the fields ¥ Ui inside Fq lg , and A^_ = F^[Ci, . . . , Cn] where Q is 
a uniformizing parameter of C at v^. Let the stack 

VnJT 1 ^,©)^ := V n tf\C,$) XcnSpfi, 

be the formal completion of the ind-algebraic stack V n J^' 1 (C, 0) along y_ G C"\ It is an ind- 
algebraic stack over Spf A v which is ind-separated and locally of ind-finite type by Theorem 12.151 
Set P„. := & x c SpecA„. and := © x c Spf A„.. 

Let (g, Sl ,...,s n ,T) G V n Jf 1 (C,©)^(5), that is, s, : 5 -> C factors through Spf A^. By Re- 
mark [572] we may decompose Q Xc s (Spf A Vi Xf, S) = \Jeez/ (dcg Ui) G xc s V{ a Vi,e) wrtn components 
Qx Cs \(a Ui/ ) G M' 1 (ii Vi ,f , Ui ). Using Proposition E7J we view {Q x Cs V(o I/i , ), r dcgl/l ) as a local 
P^-shtuka over 5, where r degI/i : (<7 deg ^)*£j £j is the F^-Frobenius on the loop group torsor Li 
associated with Q x.q s V(a l/ij o)- We define the global-local functor T_ by 

f Vj : V^CC, G)*(S) — > Sh^ Aui (5) , (S, r) .— > (0 x Cs V(a M|l0 ) > r dcgl ") and 

f := JJf,,. : Vn^iCGnS) -^l[Sh4 P J; cAv >(S) . (5.2) 

i i 

Note that T Ui and J_ also transform quasi-isogenies into quasi-isogenies. 

Remark 5.5. Consider the preimages in V(a Uu i) of the graphs T Sj C Cs of Sj. Since V{ 7^ v,j for 
2 7^ j the preimage of T Sj is empty for j 7^ i. Also the preimage of T Si is contained in V(a Uu o) and 
does not meet Y(a Ui /) for £ 7^ 0. Thus for I 7^ the restriction of r to V(a !yij £) is an isomorphism 

r x id: a*(G x Cs V(a^_i)) = (a*Q) x Cs V(a^) ^ Q x Cs V(a^) . (5.3) 
This allows to recover (G,t) Xc s (Spf A Vi S) from (Q xc s V(a (/ii o),r dcgi ' ! ) via the isomorphism 



Il^xid): n^^^VC^o)), 



' r dc s^ N 

V 1 



Recall from Section [57T1 that the Weil restriction Kes^ v ,/^ q Q v of the torsor Q v := Q xc s (Spf A Vj Xf 9 S) 
corresponds by Proposition 12.41 to an L + F Ui -torsor L+ (Q). Then (L+ (G), t X id) is a local P^-shtuka 
over S. We call it the local ¥ Ui -shtuka associated with Q_ at the place v^. By equation (|5,4p there is 
an equivalence between the category of local P^-shtukas over schemes S G Milp^ and the category 

of local P^-shtukas over S for which the Frobenius r is an isomorphism outside V(a Uit o). (Compare 
also [BH111 Proposition 8.8].) 
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Remark 5.6. Note that in a similar way one can associate a local P^-shtuka L^(Q) with a global 
0-shtuka Q_ = (G,t) at a place v outside the characteristic places 24. Namely L+(Q) is the local 
Py-shtuka associated with ResjF„/F 9 (£? Xc s (Spf A v Xf q S)) by Proposition 12.41 It is etale because r 
is an isomorphism at v. We call L^(Q) the etale local P v -shtuka associated with Q_ at the place v £ v. 
In [AH131 Chapter 6] it will become useful for considerations of Tate-modules (Definition 13. 5p . 

For this purpose we write A v = ¥ u [z] . For every representation p : P„ —> GL r A v in Rep^ P„ 
we consider the representation p € Rep F j^j P v which is the composition of Resf^/F, (p) : P u — > 
Res^^/Fq GL r> A„ followed by the natural inclusion Resp^/F GL r ^ v C GL r .^ v .-g ] We set C = 

L^(G_) and T^(p) ■= 7~c(p) '■= ^Vg- Then there is a canonical isomorphism T^(p) = limp*(£/ xc 

n 

Spec A„ / (v n )y of A^-modules. 

If ¥ u C O5 there also exists the decomposition (|5.ip and we can associate a local P„-shtuka C 
with L+ ((7) . The main difference to Definition 15.41 and Remark 15.51 is that there is no distinguished 
component of Q xc g (Spf A v Xf ? S), like the one given by the characteristic section at v^. But r 
induces isomorphisms between all components as in (|5.3p . Therefore we may take any component 
and the associated local P^-shtuka C. Equation (|5.4p shows that over F^-schemes S we obtain an 
equivalence between the category of etale local P^-shtukas and the category of etale local P^-shtukas. 
There is also a canonical isomorphism of Tate functors Tc = compare [BHlll Proposition 8.5] 

for more details. 

Like abelian varieties also global (5-shtukas can be pulled back along quasi-isogenies of their 
associated local P-shtukas. 

Proposition 5.7. Let Q_ £ V n Jif 1 (C,(5)-(S) be a global &-shtuka over S and let v € C be a place. 
Let L~^(Q) be the local ¥ u -shtuka associated with Q_ at v in the sense of Remark 15.51 (if v € v), 
respectively Remark \5.6\ (if v £ u_). Let f : CJ V — > L^(QJ be a quasi-isogeny of local ¥ v -shtukas over S. 
If v £ v we assume that the Frobenius of £/ u is an isomorphism outside V(a^o)- If v £ v_ we assume 
that £f v is etale. Then there exists a unique global (5-shtuka Q[ € V n J^' 1 (C, &)-(S) and a unique 
quasi-isogeny g: Q[ — > Q_ which is the identity outside v , such that the local ¥ u -shtuka associated with 
0! i s £lu an d the quasi-isogeny of local ¥ y -shtukas induced by g is f. We denote Q_ by f*Q_. 

Remark 5.8. Note that if v £ y_ then by Remark 15.51 there is an equivalence between the category 
of local P^-shtukas over S for which the Frobenius r is an isomorphism outside V(a^o) and the 
category of local P^-shtukas over S. In particular, if T V {Q\ is the local P^-shtuka associated with Q_ 
in Definition [531 then every isogeny /: C[ v — > T U (Q_) corresponds under this equivalence to an isogeny 
f '■ £lv ~~ ^ Lt(Q) as m the proposition. We obtain a global 0-shtuka f*Q_ which we also denote by 
f*g. It satisfies f v (f*g) = C! v and f v (g: f*Q -)•£) = /. 

Proof of Proposition \5. 7\ Let us set Q_ := (Q,t). Let (Q, L+(G), <p) be the triple for the place v 
associated with the 6-torsor Q by Lemma I5TT1 Thus L+(Q) = (L+(£/),r). We also set C/ u = (C' u ,t'). 
Now the triple (G,£' u , f~ 1{ f) defines a ©-bundle Q' over C$ which coincides with Q over C' s and 
inherits the Frobenius automorphism r from Q_ over C' s \ (J^ T Si . If v ^ y_ then this r extends to 
an isomorphism over {v} Xp q S because £/ u is etale. If v G u then r extends to an isomorphism 
over Cs \ Ui because r' is an isomorphism outside V(a Vj o). This defines the global 0-shtuka 
Q[ £ S/ n Jif 1 (C,i3)-(S). The quasi-isogeny g is obtained from the identification Q' = Q. It has the 
desired properties. □ 



Finally we want to prove rigidity for quasi-isogenies of global (3-shtukas. This is the global 



5 THE RELATION BETWEEN GLOBAL &-SHTUKAS AND LOCAL P-SHTUKAS 



30 



counterpart of Proposition 12.111 and fits into the analogy between abelian varieties and global <5- 
shtukas. It only holds in fixed finite characteristics. 

Proposition 5.9. (Rigidity of quasi-isogenies for global (£>-shtukas) Let S be a scheme in NilpA 
and let j : S — >■ S be a closed immersion defined by a sheaf of ideals I which is locally nilpotent. Let 
Q_ = (G,t) and & = (Q',t') be two global (5-shtukas over S. Then 

QIsog 5 (£,£') — > QIsog 5 Cf £ / -> ff 

is a bijection of sets, f is an isomorphism at a place v £ v_ if and only if j* f is an isomorphism at 
v . However this need not be true for places v 6 v. 

Proof. It suffices to treat the case where T q = (0). In this case the morphism as factors through 
j: S^S 

o~s = 3 ° o~' '■ S — > S — > S. 

Since Cs x ^iT Si 3 Cs \ V_ xjp S, the morphism r defines a quasi-isogeny r : a'*j*Q_ = — )• which 
is an isomorphism outside y_ x F(j S and similarly for Q[. We fix a finite closed subset D C C which 
contains all and consider quasi-isogenies which are isomorphisms outside D. Then the proposition 
follows from the diagram 

(T s y\c s ^D s ► 0- 5 C/ |c s xD s ■ 

□ 

5.3 The Analog of the Serre-Tate Theorem 

The Serre-Tate Theorem relates the deformation theory of an abelian variety in characteristic p with 
the deformation theory of the associated p-divisible group. In this section we introduce the analogous 
situation over function fields and prove the analogous theorem relating the deformation theory of 
a global 0-shtuka to the deformation theory of the associated n-tuple of local P^-shtukas via the 
global-local functor. 

Let S be in Milpj^ and let j : S — > S be a closed subscheme defined by a locally nilpotent sheaf 
of ideals X. Let £ be a global 6-shtuka in VnJf^C, 0)^(5). The category Defo s {0) of lifts of 
Q_ to S consists of all pairs (Q_, a: j*Q_ Q) where Q_ belongs to V n ^ 1 (C, <5)-(5), where a is an 
isomorphism of global 55-shtukas over S, and where morphisms are isomorphisms between the Q^s 
that are compatible with the a's. 

Similarly for a local P-shtuka C in Shtp(S) we define the category of lifts Def 03(C) of L to S. 
Notice that according to the rigidity of quasi-isogenies (Propositions 15.91 and I2.11|) all Horn-sets in 
these categories contain at most one element. 

Theorem 5.10. Let Q_ := (Q,f) be a global 0-shtuka in V n J^ l {C, 6)^(5). Let (C^i = f(Q). Then 
the functor 

Defo s {G)^X[Defos{C^, (g,a) — > (f(0,f(a)) 

i 

induced by the global-local functor, is an equivalence of categories. 
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Proof. We proceed by constructing the inverse of the above functor. It suffices to treat the case 
where X q = (0). In this case the morphism as factors through j : S — > S 

o~s = 3 ° o~' '■ S — > S — > 5. 

Let a, : be an object of Y\ i Defos{Cj). We consider the global (8-shtuka Q_ := o~'*Q_ 

over 5. Since Cs \ UjT^ D Cs \v xw q S, the morphism f defines a quasi-isogeny r: j*£ — >■ ^ which 
is an isomorphism outside the graphs of the characteristic sections 



a* s fG 



j*G 



re 



We write T(Q) = and £^ = (Ci,Ti). We compose fj with ai to obtain quasi-isogenies 

7i := fj oq;: — > By rigidity of quasi-isogenies (Proposition 12.11]) they lift to quasi- 

isogenies 7j : £j — )> £j with j*7j = 7,. We put Q_ := 7* o . . . o 7j£ (see Remark I5.8P and recall that 
there is a quasi-isogeny 7: Q_ — > Q_ of global (5-shtukas with £(7) = {ffi)i which is an isomorphism 
outside 1/, see Proposition 15.71 We may now define the functor 

YlDefosdt) ^ Defo(Q) 

i 

by sending (C^cn: j*C^ — > C^i to {Q_, f o .7*7). The quasi-isogeny a := f o j'*7 is an isomorphism 
outside the graphs of the Si by construction, and also at these graphs because T(a) = (cij)j. It can 
easily be seen by the above construction that these functors are actually inverse to each other. □ 
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